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MAIN TOPICS OF THE COURSE
- Background concepts

- Training Deep Networks:
- Objective functions

- Activation Functions

- Regularization

- Gradient-based optimization

- Deep Learning in Practice
- Tips and Tricks

- Focus on Deep Architectures (hands on):
- Variational Models

- Transformers
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PEOPLE
¢ Prof. Elisabetta Fersini

� Associate professor of CS
� Research field: 

¢ Machine Learning
¢ Natural Language Processing

¢ Dr. Cristiano De Nobili
� Theoretical Physicist
� Lead AI Scientist @ Pi School
� Speaker



SCHEDULE

¢ LECTURES
� Friday, 08/07 (14:00 – 18:00), Building U14, Room T023

� Wednesday 13/07 (14:00– 18:00), Building U14, Room T023
� Monday 18/07 (14:00– 18:00), Building U14, Room T024

� Tuesday 28/07 (10:00 – 12:00, 14:00 – 16:00), Building U14, Room T023
� Friday 29/07 (10:00 – 12:00, 14:00 – 16:00), Building U24, Room C01

¢ FINAL EXAM
� Friday 30/09 (room and time schedule to be announced)
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FINAL EXAM

¢ 15 minutes presentation related to:

� An in depth analysis of a theoretical paper
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WHAT IS DEEP LEARNING? 
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WHY NOW? 

6.S191 Introduction to Deep Learning
introtodeeplearning.com 1/29/18

Why Now?

1952 Stochastic Gradient 
Descent

1958 Perceptron
• Learnable Weights

1995 Deep Convolutional NN
• Digit Recognition

1986 Backpropagation
• Multi-Layer Perceptron

1. Big Data
• Larger Datasets
• Easier 

Collection & 
Storage

2. Hardware
• Graphics 

Processing Units 
(GPUs)

• Massively 
Parallelizable

3. Software
• Improved 

Techniques
• New Models
• Toolboxes

Neural Networks date back decades, so why the resurgence? 

E. Fersini



WHY DEEP LEARNING? 
¢ Hand engineered features are time consuming, brittle and not scalable in

practice
� Can we learn the underlying features directly from data?

6.S191 Introduction to Deep Learning
introtodeeplearning.com 1/29/18

Why Deep Learning?

Hand engineered features are time consuming, brittle and not scalable in practice
Can we learn the underlying features directly from data? 

Low Level Features

Lines & Edges Eyes & Nose & Ears Facial Structure

Mid Level Features High Level Features
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DOMAINS OF INTEREST FOR DEEP LEARNING

6.S191 Introduction to Deep Learning
introtodeeplearning.com 1/29/18

Deep Learning Success:  Vision

Image Recognition
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DOMAINS OF INTEREST FOR DEEP LEARNING

6.S191 Introduction to Deep Learning
introtodeeplearning.com 1/29/18

Deep Learning Success:  Audio

Music Generation

6.S191 Lab!
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DOMAINS OF INTEREST FOR DEEP LEARNING
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BACKGROUND CONCEPTS



INTRODUCTION
¢ Deep Learning is grounded on (Artificial) Neural Networks.

¢ Neural Networs are a class of supervised machine learning algorithms

¢ We will have a quick introduction to:
� supervised machine learning terminology and practices
� linear and log-linear models for binary and multi-class classification
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SUPERVISED LEARNING AND PARAMETERIZED FUNCTIONS

¢ The essence of supervised machine learning is the creation of functions
that can look at examples (instances) and produce generalizations (good
prediction on unseen data).

¢ As searching over the set of all possible functions is a very hard problem,
we often restrict ourselves to search over specific families of functions
called hypothesis classes
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¢ A common hypothesis class is represented by high-dimensional linear
function, i.e. functions of the form:

¢ The goal of the learner is to find the values of the parameters W and b
such that the function behaves as intended on a collection of input
instances x1,…, xk and the corresponding output labels y1,…, yk.

SUPERVISED LEARNING AND PARAMETERIZED FUNCTIONS
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FYBNQMFT� " GVODUJPO f ./ UIBU JT JNQMFNFOUFE BT B MPPLVQ UBCMF UIBU JT MPPLJOH GPS UIF JOQVU x

JO JUT NFNPSZ BOE SFUVSOJOH UIF DPSSFTQPOEJOH WBMVF y GPS JOTUBODFT JT IBT TFFO BOE B SBOEPN
WBMVF PUIFSXJTF XJMM HFU B QFSGFDU TDPSF PO UIJT UFTU ZFU JT DMFBSMZ OPU B HPPE DMBTTJmDBUJPO GVODUJPO
BT JU IBT [FSP HFOFSBMJ[BUJPO BCJMJUZ� 8F SBUIFS IBWF B GVODUJPO f ./ UIBU HFUT TPNF PG UIF USBJOJOH
FYBNQMFT XSPOH QSPWJEJOH UIBU JU XJMM HFU VOTFFO FYBNQMFT DPSSFDUMZ�
�"T EJTDVTTFE JO 4FDUJPO ���� ɩJT CPPL UBLFT B TPNFXIBU VO�PSUIPEPY BQQSPBDI BOE BTTVNFT WFDUPST BSF SPX WFDUPST SBUIFS
UIBO DPMVNO WFDUPST�
¤4FF GVSUIFS EJTDVTTJPO JO 4FDUJPO ����

input vector Parameters Θ
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LINEAR MODELS
¢ Binary classification:

¢ The range of the linear function is [-∞; +∞]

� We need to map the in order to have only values +1 and -1
¢ sign function
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TFUT� B WBMJEBUJPO TFU 	BMTP DBMMFE EFWFMPQNFOU TFU
 BOE B UFTU TFU� "MM UIF FYQFSJNFOUT UXFBLT FSSPS
BOBMZTJT BOE NPEFM TFMFDUJPO TIPVME CF QFSGPSNFE CBTFE PO UIF WBMJEBUJPO TFU� ɩFO B TJOHMF SVO
PG UIF mOBM NPEFM PWFS UIF UFTU TFU XJMM HJWF B HPPE FTUJNBUF PG JUT FYQFDUFE RVBMJUZ PO VOTFFO
FYBNQMFT� *U JT JNQPSUBOU UP LFFQ UIF UFTU TFU BT QSJTUJOF BT QPTTJCMF SVOOJOH BT GFX FYQFSJNFOUT
BT QPTTJCMF PO JU� 4PNF FWFO BEWPDBUF UIBU ZPV TIPVME OPU FWFO MPPL BU UIF FYBNQMFT JO UIF UFTU
TFU TP BT UP OPU CJBT UIF XBZ ZPV EFTJHO ZPVS NPEFM�
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ņ/PUF UIBU MPPLJOH BU FJUIFS TJ[F PS QSJDF BMPOF XPVME OPU BMMPX VT UP DMFBOMZ TFQBSBUF UIF UXP HSPVQT�

input vector scalar
weight vector
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LINEAR MODELS
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w2 BOE b TVDI UIBU UIF QSFEJDUJPOT BSF DPSSFDU GPS BMM EBUB�QPJOUT XF PCTFSWF�Ň 8F XJMM EJTDVTT
MFBSOJOH JO 4FDUJPO ��� CVU GPS OPX DPOTJEFS UIBU XF FYQFDU UIF MFBSOJOH QSPDFEVSF UP TFU B IJHI
WBMVF UP w1 BOE B MPX WBMVF UP w2� 0ODF UIF NPEFM JT USBJOFE XF DBO DMBTTJGZ OFX EBUB�QPJOUT CZ
GFFEJOH UIFN JOUP UIJT FRVBUJPO�

*U JT TPNFUJNFT OPU QPTTJCMF UP TFQBSBUF UIF EBUB�QPJOUT VTJOH B TUSBJHIU MJOF 	PS JO IJHIFS EJ�
NFOTJPOT B MJOFBS IZQFSQMBOF
�TVDI EBUBTFUT BSF TBJE UP CF OPOMJOFBSMZ TFQBSBCMF BOE BSF CFZPOE
UIF IZQPUIFTJT DMBTT PG MJOFBS DMBTTJmFST� ɩF TPMVUJPO XPVME CF UP FJUIFS NPWF UP B IJHIFS EJNFO�
TJPO 	BEE NPSF GFBUVSFT
 NPWF UP B SJDIFS IZQPUIFTJT DMBTT PS BMMPX GPS TPNF NJT�DMBTTJmDBUJPO�ň

Ň(FPNFUSJDBMMZ GPS B HJWFO w UIF QPJOUT x ! w C b D 0 EFmOF B IZQFSQMBOF 	XIJDI JO UXP EJNFOTJPOT DPSSFTQPOET UP B MJOF

UIBU TFQBSBUFT UIF TQBDF JOUP UXP SFHJPOT� ɩF HPBM PG MFBSOJOH JT UIFO mOEJOH B IZQFSQMBOF TVDI UIBU UIF DMBTTJmDBUJPO JOEVDFE
CZ JU JT DPSSFDU�
ň.JTDMBTTJGZJOH TPNF PG UIF FYBNQMFT JT TPNFUJNFT B HPPE JEFB� 'PS FYBNQMF JG XF IBWF SFBTPO UP CFMJFWF TPNF PG UIF EBUB�
QPJOUT BSF PVUMJFST�FYBNQMFT UIBU CFMPOH UP POF DMBTT CVU BSF MBCFMFE CZ NJTUBLF BT CFMPOHJOH UP UIF PUIFS DMBTT�

Dupont Circle (DC)

Fairfax (VA)

x[0] 

x[1] 

line or hyperplane
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LINEAR MODELS
¢ In our example, the linear model is as follows:

¢ where the prediction is Fairfax if and Dupont Circle if .

¢ The goal of learning is setting the values of w1, w2 and b such that all are
correct for all data points we observe.
� datasets are not always linearly separable, and therefore they are beyond the

hypothesis class of linear classifiers
¢ Possible solutions: move to a higher dimension, move to a richer hypothesis class, etc..
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%VQPOU $JSDMF UFOE UP CFNPSF FYQFOTJWF UIBO BQBSUNFOUT JO 'BJSGBY PG UIF TBNF TJ[F�ņɩF EBUBTFU
JT MJOFBSMZ TFQBSBCMF� UIF UXP DMBTTFT DBO CF TFQBSBUFE CZ B TUSBJHIU MJOF�

&BDI EBUB�QPJOU 	BO BQBSUNFOU
 DBO CF SFQSFTFOUFE BT B ��EJNFOTJPOBM 	�%
 WFDUPS x XIFSF
xŒ0! JT UIF BQBSUNFOU�T TJ[F BOE xŒ1! JT JUT QSJDF� 8F UIFO HFU UIF GPMMPXJOH MJOFBS NPEFM�

Oy D TJHO.f .x// D TJHO.x !wC b/

D TJHO.TJ[F # w1 C QSJDF # w2 C b/;

XIFSF ! JT UIF EPU�QSPEVDU PQFSBUJPO b BOE w D Œw1; w2! BSF GSFF QBSBNFUFST BOE XF QSFEJDU
'BJSGBY JG Oy $ 0 BOE %VQPOU $JSDMF PUIFSXJTF� ɩF HPBM PG MFBSOJOH JT TFUUJOH UIF WBMVFT PG w1
ņ/PUF UIBU MPPLJOH BU FJUIFS TJ[F PS QSJDF BMPOF XPVME OPU BMMPX VT UP DMFBOMZ TFQBSBUF UIF UXP HSPVQT�

ŷ ≥ 0 ŷ ≤ 0

ŷ
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LINEAR MODELS
¢ Log-Linear Binary Classification: the need of a confidence of the decision

� Instead of mapping to {-1,+1}, we map to the range [0,1] by using a
squashing function such as the sigmoid function

� Our prediction becomes

�� �� -&"3/*/( #"4*$4 "/% -*/&"3 .0%&-4
ZPV DPVME QSPCBCMZ UFMM UIBU JU JT NPSF TJNJMBS UP UIF (FSNBO HSPVQ UIBO UP UIF &OHMJTI POF�
/PUF IPXFWFS UIBU ZPV DPVMEO�U VTF B TJOHMF EFmOJUF SVMF TVDI BT iJG JU IBT i? JUT &OHMJTIw PS iJG
JU IBT B2 JUT (FSNBOw� XIJMF (FSNBO UFYUT IBWF DPOTJEFSBCMZ MFTT i? UIBO &OHMJTI UIF i? NBZ
BOE EPFT PDDVS JO (FSNBO UFYUT BOE TJNJMBSMZ UIF B2 DPNCJOBUJPO EPFT PDDVS JO &OHMJTI� ɩF
EFDJTJPO SFRVJSFT XFJHIUJOH EJĊFSFOU GBDUPST SFMBUJWF UP FBDI PUIFS� -FU�T GPSNBMJ[F UIF QSPCMFN JO
B NBDIJOF�MFBSOJOH TFUVQ�

8F DBO BHBJO VTF B MJOFBS NPEFM�
Oy D TJHO.f .x// D TJHO.x !wC b/

D TJHO.xaa " waa C xab " wab C xac " wac : : :C b/:
	���


" EPDVNFOU XJMM CF DPOTJEFSFE &OHMJTI JG f .x/ # 0 BOE BT (FSNBO PUIFSXJTF� *OUVJUJWFMZ
MFBSOJOH TIPVME BTTJHO MBSHF QPTJUJWF WBMVFT UP w FOUSJFT BTTPDJBUFE XJUI MFUUFS QBJST UIBU BSF NVDI
NPSF DPNNPO JO &OHMJTI UIBO JO (FSNBO 	J�F� i?
 OFHBUJWF WBMVFT UP MFUUFS QBJST UIBU BSF NVDI
NPSF DPNNPO JO (FSNBO UIBO JO &OHMJTI 	B2 2M
 BOE WBMVFT BSPVOE [FSP UP MFUUFS QBJST UIBU BSF
FJUIFS DPNNPO PS SBSF JO CPUI MBOHVBHFT�

/PUF UIBU VOMJLF UIF �% DBTF PG UIF IPVTJOH EBUB 	QSJDF WT� TJ[F
 IFSF XF DBOOPU FBTJMZ
WJTVBMJ[F UIF QPJOUT BOE UIF EFDJTJPO CPVOEBSZ BOE UIF HFPNFUSJD JOUVJUJPO JT MJLFMZ NVDI MFTT
DMFBS� *O HFOFSBM JU JT EJċDVMU GPS NPTU IVNBOT UP UIJOL PG UIF HFPNFUSJFT PG TQBDFT XJUI NPSF
UIBO UISFF EJNFOTJPOT BOE JU JT BEWJTBCMF UP UIJOL PG MJOFBS NPEFMT JO UFSNT PG BTTJHOJOH XFJHIUT
UP GFBUVSFT XIJDI JT FBTJFS UP JNBHJOF BOE SFBTPO BCPVU�

����� -0(�-*/&"3 #*/"3: $-"44*'*$"5*0/
ɩF PVUQVU f .x/ JT JO UIF SBOHF Œ$1;1! BOE XF NBQ JU UP POF PG UXP DMBTTFT f$1;C1g VTJOH
UIF sign GVODUJPO� ɩJT JT B HPPE mU JG BMM XF DBSF BCPVU JT UIF BTTJHOFE DMBTT� )PXFWFS XF NBZ
CF JOUFSFTUFE BMTP JO UIF DPOmEFODF PG UIF EFDJTJPO PS UIF QSPCBCJMJUZ UIBU UIF DMBTTJmFS BTTJHOT UP
UIF DMBTT� "O BMUFSOBUJWF UIBU GBDJMJUBUFT UIJT JT UP NBQ JOTUFBE UP UIF SBOHF Œ0; 1! CZ QVTIJOH UIF
PVUQVU UISPVHI B TRVBTIJOH GVODUJPO TVDI BT UIF TJHNPJE ".x/ D 1

1Ce!x  SFTVMUJOH JO�

Oy D ".f .x// D 1

1C e!.x"wCb/
: 	���


'JHVSF ��� TIPXT B QMPU PG UIF TJHNPJE GVODUJPO� *U JT NPOPUPOJDBMMZ JODSFBTJOH BOE NBQT WBMVFT
UP UIF SBOHF Œ0; 1! XJUI � CFJOH NBQQFE UP 1

2 � 8IFO VTFE XJUI B TVJUBCMF MPTT GVODUJPO 	EJTDVTTFE
JO 4FDUJPO �����
 UIF CJOBSZ QSFEJDUJPOT NBEF UISPVHI UIF MPH�MJOFBS NPEFM DBO CF JOUFSQSFUFE BT
DMBTT NFNCFSTIJQ QSPCBCJMJUZ FTUJNBUFT ".f .x// D P. Oy D 1 j x/ PG x CFMPOHJOH UP UIF QPTJUJWF
DMBTT� 8F BMTP HFU P. Oy D 0 j x/ D 1 $ P. Oy D 1 j x/ D 1 $ ".f .x//� ɩF DMPTFS UIF WBMVF JT UP
� PS � UIF NPSF DFSUBJO UIF NPEFM JT JO JUT DMBTT NFNCFSTIJQ QSFEJDUJPO XJUI UIF WBMVF PG ���
JOEJDBUJOH NPEFM VODFSUBJOUZ�

���� -*/&"3 .0%&-4 ��
σ(x)
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0.8

0.6

0.4

0.2

0.0
-6 -4 -2 0 2 4 6

'JHVSF ���� ɩF TJHNPJE GVODUJPO !.x/�

����� .6-5*�$-"44 $-"44*'*$"5*0/
ɩF QSFWJPVT FYBNQMFT XFSF PG CJOBSZ DMBTTJmDBUJPO XIFSF XF IBE UXP QPTTJCMF DMBTTFT� #JOBSZ�
DMBTTJmDBUJPO DBTFT FYJTU CVU NPTU DMBTTJmDBUJPO QSPCMFNT BSF PG B NVMUJ�DMBTT OBUVSF JO XIJDI XF
TIPVME BTTJHO BO FYBNQMF UP POF PG k EJĊFSFOU DMBTTFT� 'PS FYBNQMF XF BSF HJWFO B EPDVNFOU BOE
BTLFE UP DMBTTJGZ JU JOUP POF PG TJY QPTTJCMF MBOHVBHFT� &OHMJTI 'SFODI (FSNBO *UBMJBO 4QBOJTI
0UIFS� " QPTTJCMF TPMVUJPO JT UP DPOTJEFS TJY XFJHIU WFDUPST w&ğ; w'ģ; : : : BOE CJBTFT POF GPS FBDI
MBOHVBHF BOE QSFEJDU UIF MBOHVBHF SFTVMUJOH JO UIF IJHIFTU TDPSF�Ŋ

Oy D f .x/ D BSHNBY
L2f&ğ;'ģ;(ģ;*ĥ;4ġ;0g

x !wL C bL: 	���


ɩF TJY TFUT PG QBSBNFUFST wL 2 R784; bL DBO CF BSSBOHFE BT B NBUSJY W 2 R784!6 BOE
WFDUPS b 2 R6 BOE UIF FRVBUJPO SF�XSJUUFO BT�

Oy D f .x/ D x !W C b

QSFEJDUJPO D Oy D BSHNBY
i

Oy Œi!:
	���


)FSF Oy 2 R6 JT B WFDUPS PG UIF TDPSFT BTTJHOFE CZ UIF NPEFM UP FBDI MBOHVBHF BOE XF BHBJO
EFUFSNJOF UIF QSFEJDUFE MBOHVBHF CZ UBLJOH UIF BSHNBY PWFS UIF FOUSJFT PG Oy �

ŊɩFSF BSF NBOZ XBZT UP NPEFM NVMUJ�DMBTT DMBTTJmDBUJPO JODMVEJOH CJOBSZ�UP�NVMUJ�DMBTT SFEVDUJPOT� ɩFTF BSF CFZPOE UIF
TDPQF PG UIJT CPPL CVU B HPPE PWFSWJFX DBO CF GPVOE JO "MMXFJO FU BM� <����>�
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LINEAR MODELS
¢ Multi-class classification:

� we want to predict an instance as belonging to one of k different classes

¢ A possible solution is to consider k weight vectors w1, w2,…wk and biases

� And predict the class with the highest score:

� The sets of parameters wk Î Rin and bk can be arranged as a matrix
WÎ Rin x k and vector bÎ Rk, leading to:

¢ where is a vector of the scores assigned by the model to each class

ŷ = f (x) = argmax
k∈K

x ⋅wk +bk

ŷ ∈ Rk

���� -*/&"3 .0%&-4 ��
σ(x)

1.0

0.8

0.6

0.4

0.2

0.0
-6 -4 -2 0 2 4 6

'JHVSF ���� ɩF TJHNPJE GVODUJPO !.x/�

����� .6-5*�$-"44 $-"44*'*$"5*0/
ɩF QSFWJPVT FYBNQMFT XFSF PG CJOBSZ DMBTTJmDBUJPO XIFSF XF IBE UXP QPTTJCMF DMBTTFT� #JOBSZ�
DMBTTJmDBUJPO DBTFT FYJTU CVU NPTU DMBTTJmDBUJPO QSPCMFNT BSF PG B NVMUJ�DMBTT OBUVSF JO XIJDI XF
TIPVME BTTJHO BO FYBNQMF UP POF PG k EJĊFSFOU DMBTTFT� 'PS FYBNQMF XF BSF HJWFO B EPDVNFOU BOE
BTLFE UP DMBTTJGZ JU JOUP POF PG TJY QPTTJCMF MBOHVBHFT� &OHMJTI 'SFODI (FSNBO *UBMJBO 4QBOJTI
0UIFS� " QPTTJCMF TPMVUJPO JT UP DPOTJEFS TJY XFJHIU WFDUPST w&ğ; w'ģ; : : : BOE CJBTFT POF GPS FBDI
MBOHVBHF BOE QSFEJDU UIF MBOHVBHF SFTVMUJOH JO UIF IJHIFTU TDPSF�Ŋ

Oy D f .x/ D BSHNBY
L2f&ğ;'ģ;(ģ;*ĥ;4ġ;0g

x !wL C bL: 	���


ɩF TJY TFUT PG QBSBNFUFST wL 2 R784; bL DBO CF BSSBOHFE BT B NBUSJY W 2 R784!6 BOE
WFDUPS b 2 R6 BOE UIF FRVBUJPO SF�XSJUUFO BT�

Oy D f .x/ D x !W C b

QSFEJDUJPO D Oy D BSHNBY
i

Oy Œi!:
	���


)FSF Oy 2 R6 JT B WFDUPS PG UIF TDPSFT BTTJHOFE CZ UIF NPEFM UP FBDI MBOHVBHF BOE XF BHBJO
EFUFSNJOF UIF QSFEJDUFE MBOHVBHF CZ UBLJOH UIF BSHNBY PWFS UIF FOUSJFT PG Oy �

ŊɩFSF BSF NBOZ XBZT UP NPEFM NVMUJ�DMBTT DMBTTJmDBUJPO JODMVEJOH CJOBSZ�UP�NVMUJ�DMBTT SFEVDUJPOT� ɩFTF BSF CFZPOE UIF
TDPQF PG UIJT CPPL CVU B HPPE PWFSWJFX DBO CF GPVOE JO "MMXFJO FU BM� <����>�

k
[k]
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LINEAR MODELS
¢ Log-linear multi-class classification: transform the score vector into a

probability estimate through the softmax function

¢ Our prediction becomes:

� forcing the values in to be positive and sum to 1, making them
interpretable as a probability distribution.

���� 53"*/*/( "4 015*.*;"5*0/ ��

Oy D TPGUNBY.xW C b/

Oy Œi! D
e.xW Cb/Œi!

P
j e.xW Cb/Œj !

:
	����


ɩF TPGUNBY USBOTGPSNBUJPO GPSDFT UIF WBMVFT JO Oy UP CF QPTJUJWF BOE TVN UP � NBLJOH UIFN
JOUFSQSFUBCMF BT B QSPCBCJMJUZ EJTUSJCVUJPO�

��� 53"*/*/( "4 015*.*;"5*0/
3FDBMM UIBU UIF JOQVU UP B TVQFSWJTFE MFBSOJOH BMHPSJUIN JT B USBJOJOH TFU PG n USBJOJOH FYBNQMFT
x1Wn D x1; x2; : : : ; xn UPHFUIFS XJUI DPSSFTQPOEJOH MBCFMT y1Wn D y1; y2; : : : ; yn� 8JUIPVU MPTT PG
HFOFSBMJUZ XF BTTVNF UIBU UIF EFTJSFE JOQVUT BOE PVUQVUT BSF WFDUPST� x1Wn y1Wn�ŋ

ɩF HPBM PG UIF BMHPSJUIN JT UP SFUVSO B GVODUJPO f ./ UIBU BDDVSBUFMZ NBQT JOQVU FYBNQMFT
UP UIFJS EFTJSFE MBCFMT J�F� B GVODUJPO f ./ TVDI UIBU UIF QSFEJDUJPOT Oy D f .x/ PWFS UIF USBJOJOH
TFU BSF BDDVSBUF� 5P NBLF UIJT NPSF QSFDJTF XF JOUSPEVDF UIF OPUJPO PG B MPTT GVODUJPO RVBOUJGZJOH
UIF MPTT TVĊFSFE XIFO QSFEJDUJOH Oy XIJMF UIF USVF MBCFM JT y � 'PSNBMMZ B MPTT GVODUJPO L. Oy; y/

BTTJHOT B OVNFSJDBM TDPSF 	B TDBMBS
 UP B QSFEJDUFE PVUQVU Oy HJWFO UIF USVF FYQFDUFE PVUQVU y � ɩF
MPTT GVODUJPO TIPVME CF CPVOEFE GSPN CFMPX XJUI UIF NJOJNVN BUUBJOFE POMZ GPS DBTFT XIFSF
UIF QSFEJDUJPO JT DPSSFDU�

ɩF QBSBNFUFST PG UIF MFBSOFE GVODUJPO 	UIF NBUSJY W BOE UIF CJBTFT WFDUPS b
 BSF UIFO TFU
JO PSEFS UP NJOJNJ[F UIF MPTT L PWFS UIF USBJOJOH FYBNQMFT 	VTVBMMZ JU JT UIF TVN PG UIF MPTTFT PWFS
UIF EJĊFSFOU USBJOJOH FYBNQMFT UIBU JT CFJOH NJOJNJ[FE
�

$PODSFUFMZ HJWFO B MBCFMFE USBJOJOH TFU .x1Wn; y1Wn/ B QFS�JOTUBODF MPTT GVODUJPO L BOE B
QBSBNFUFSJ[FE GVODUJPO f .xI‚/ XF EFmOF UIF DPSQVT�XJEF MPTT XJUI SFTQFDU UP UIF QBSBNFUFST ‚

BT UIF BWFSBHF MPTT PWFS BMM USBJOJOH FYBNQMFT�

L.‚/ D 1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


*O UIJT WJFX UIF USBJOJOH FYBNQMFT BSF mYFE BOE UIF WBMVFT PG UIF QBSBNFUFST EFUFSNJOF
UIF MPTT� ɩF HPBM PG UIF USBJOJOH BMHPSJUIN JT UIFO UP TFU UIF WBMVFT PG UIF QBSBNFUFST ‚ TVDI UIBU
UIF WBMVF PG L JT NJOJNJ[FE�

O‚ D BSHNJO
‚

L.‚/ D BSHNJO
‚

1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


&RVBUJPO 	����
 BUUFNQUT UP NJOJNJ[F UIF MPTT BU BMM DPTUT XIJDI NBZ SFTVMU JO PWFSmUUJOH
UIF USBJOJOH EBUB� 5P DPVOUFS UIBU XF PGUFO QPTF TPGU SFTUSJDUJPOT PO UIF GPSN PG UIF TPMVUJPO� ɩJT
ŋ*O NBOZ DBTFT JU JT OBUVSBM UP UIJOL PG UIF FYQFDUFE PVUQVU BT B TDBMBS 	DMBTT BTTJHONFOU
 SBUIFS UIBO B WFDUPS� *O TVDI DBTFT y
JT TJNQMZ UIF DPSSFTQPOEJOH POF�IPU WFDUPS BOE BSHNBYi yŒi! JT UIF DPSSFTQPOEJOH DMBTT BTTJHONFOU�

[k]

[k]
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TRAINING AS OPTIMIZATION

¢ The goal of a training algorithm is to return a function f() that accurately
maps the input vectors to the corresponding labels

� i.e. a function f() such that over the training data is accurate

¢ In order to measure how a function f() is accurate, we need to introduce 
the concept of loss function

� Formally, a loss function assign a numerical score to a predicted
output      given the true expected output

� The parameters of the learned function (W and b) are then set to 
minimize the loss L over the training samples

ŷ = f (x)

L( ŷ, y)
ŷ y

E. Fersini



TRAINING AS OPTIMIZATION

¢ Given a labelled training set (x1:n, y1:n), a per-instance loss function L  and a 
parameterized function f(x;Θ), we define the global loss as follows: 

¢ The main goal of the training algorithm is to set the values of the 
parameters Θ such that the value of  L  is minimized:

� Here we are minimizing the loss at all costs, which may result in overfitting

���� 53"*/*/( "4 015*.*;"5*0/ ��

Oy D TPGUNBY.xW C b/

Oy Œi! D
e.xW Cb/Œi!

P
j e.xW Cb/Œj !

:
	����


ɩF TPGUNBY USBOTGPSNBUJPO GPSDFT UIF WBMVFT JO Oy UP CF QPTJUJWF BOE TVN UP � NBLJOH UIFN
JOUFSQSFUBCMF BT B QSPCBCJMJUZ EJTUSJCVUJPO�

��� 53"*/*/( "4 015*.*;"5*0/
3FDBMM UIBU UIF JOQVU UP B TVQFSWJTFE MFBSOJOH BMHPSJUIN JT B USBJOJOH TFU PG n USBJOJOH FYBNQMFT
x1Wn D x1; x2; : : : ; xn UPHFUIFS XJUI DPSSFTQPOEJOH MBCFMT y1Wn D y1; y2; : : : ; yn� 8JUIPVU MPTT PG
HFOFSBMJUZ XF BTTVNF UIBU UIF EFTJSFE JOQVUT BOE PVUQVUT BSF WFDUPST� x1Wn y1Wn�ŋ

ɩF HPBM PG UIF BMHPSJUIN JT UP SFUVSO B GVODUJPO f ./ UIBU BDDVSBUFMZ NBQT JOQVU FYBNQMFT
UP UIFJS EFTJSFE MBCFMT J�F� B GVODUJPO f ./ TVDI UIBU UIF QSFEJDUJPOT Oy D f .x/ PWFS UIF USBJOJOH
TFU BSF BDDVSBUF� 5P NBLF UIJT NPSF QSFDJTF XF JOUSPEVDF UIF OPUJPO PG B MPTT GVODUJPO RVBOUJGZJOH
UIF MPTT TVĊFSFE XIFO QSFEJDUJOH Oy XIJMF UIF USVF MBCFM JT y � 'PSNBMMZ B MPTT GVODUJPO L. Oy; y/

BTTJHOT B OVNFSJDBM TDPSF 	B TDBMBS
 UP B QSFEJDUFE PVUQVU Oy HJWFO UIF USVF FYQFDUFE PVUQVU y � ɩF
MPTT GVODUJPO TIPVME CF CPVOEFE GSPN CFMPX XJUI UIF NJOJNVN BUUBJOFE POMZ GPS DBTFT XIFSF
UIF QSFEJDUJPO JT DPSSFDU�

ɩF QBSBNFUFST PG UIF MFBSOFE GVODUJPO 	UIF NBUSJY W BOE UIF CJBTFT WFDUPS b
 BSF UIFO TFU
JO PSEFS UP NJOJNJ[F UIF MPTT L PWFS UIF USBJOJOH FYBNQMFT 	VTVBMMZ JU JT UIF TVN PG UIF MPTTFT PWFS
UIF EJĊFSFOU USBJOJOH FYBNQMFT UIBU JT CFJOH NJOJNJ[FE
�

$PODSFUFMZ HJWFO B MBCFMFE USBJOJOH TFU .x1Wn; y1Wn/ B QFS�JOTUBODF MPTT GVODUJPO L BOE B
QBSBNFUFSJ[FE GVODUJPO f .xI‚/ XF EFmOF UIF DPSQVT�XJEF MPTT XJUI SFTQFDU UP UIF QBSBNFUFST ‚

BT UIF BWFSBHF MPTT PWFS BMM USBJOJOH FYBNQMFT�

L.‚/ D 1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


*O UIJT WJFX UIF USBJOJOH FYBNQMFT BSF mYFE BOE UIF WBMVFT PG UIF QBSBNFUFST EFUFSNJOF
UIF MPTT� ɩF HPBM PG UIF USBJOJOH BMHPSJUIN JT UIFO UP TFU UIF WBMVFT PG UIF QBSBNFUFST ‚ TVDI UIBU
UIF WBMVF PG L JT NJOJNJ[FE�

O‚ D BSHNJO
‚

L.‚/ D BSHNJO
‚

1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


&RVBUJPO 	����
 BUUFNQUT UP NJOJNJ[F UIF MPTT BU BMM DPTUT XIJDI NBZ SFTVMU JO PWFSmUUJOH
UIF USBJOJOH EBUB� 5P DPVOUFS UIBU XF PGUFO QPTF TPGU SFTUSJDUJPOT PO UIF GPSN PG UIF TPMVUJPO� ɩJT
ŋ*O NBOZ DBTFT JU JT OBUVSBM UP UIJOL PG UIF FYQFDUFE PVUQVU BT B TDBMBS 	DMBTT BTTJHONFOU
 SBUIFS UIBO B WFDUPS� *O TVDI DBTFT y
JT TJNQMZ UIF DPSSFTQPOEJOH POF�IPU WFDUPS BOE BSHNBYi yŒi! JT UIF DPSSFTQPOEJOH DMBTT BTTJHONFOU�

���� 53"*/*/( "4 015*.*;"5*0/ ��

Oy D TPGUNBY.xW C b/

Oy Œi! D
e.xW Cb/Œi!

P
j e.xW Cb/Œj !

:
	����


ɩF TPGUNBY USBOTGPSNBUJPO GPSDFT UIF WBMVFT JO Oy UP CF QPTJUJWF BOE TVN UP � NBLJOH UIFN
JOUFSQSFUBCMF BT B QSPCBCJMJUZ EJTUSJCVUJPO�

��� 53"*/*/( "4 015*.*;"5*0/
3FDBMM UIBU UIF JOQVU UP B TVQFSWJTFE MFBSOJOH BMHPSJUIN JT B USBJOJOH TFU PG n USBJOJOH FYBNQMFT
x1Wn D x1; x2; : : : ; xn UPHFUIFS XJUI DPSSFTQPOEJOH MBCFMT y1Wn D y1; y2; : : : ; yn� 8JUIPVU MPTT PG
HFOFSBMJUZ XF BTTVNF UIBU UIF EFTJSFE JOQVUT BOE PVUQVUT BSF WFDUPST� x1Wn y1Wn�ŋ

ɩF HPBM PG UIF BMHPSJUIN JT UP SFUVSO B GVODUJPO f ./ UIBU BDDVSBUFMZ NBQT JOQVU FYBNQMFT
UP UIFJS EFTJSFE MBCFMT J�F� B GVODUJPO f ./ TVDI UIBU UIF QSFEJDUJPOT Oy D f .x/ PWFS UIF USBJOJOH
TFU BSF BDDVSBUF� 5P NBLF UIJT NPSF QSFDJTF XF JOUSPEVDF UIF OPUJPO PG B MPTT GVODUJPO RVBOUJGZJOH
UIF MPTT TVĊFSFE XIFO QSFEJDUJOH Oy XIJMF UIF USVF MBCFM JT y � 'PSNBMMZ B MPTT GVODUJPO L. Oy; y/

BTTJHOT B OVNFSJDBM TDPSF 	B TDBMBS
 UP B QSFEJDUFE PVUQVU Oy HJWFO UIF USVF FYQFDUFE PVUQVU y � ɩF
MPTT GVODUJPO TIPVME CF CPVOEFE GSPN CFMPX XJUI UIF NJOJNVN BUUBJOFE POMZ GPS DBTFT XIFSF
UIF QSFEJDUJPO JT DPSSFDU�

ɩF QBSBNFUFST PG UIF MFBSOFE GVODUJPO 	UIF NBUSJY W BOE UIF CJBTFT WFDUPS b
 BSF UIFO TFU
JO PSEFS UP NJOJNJ[F UIF MPTT L PWFS UIF USBJOJOH FYBNQMFT 	VTVBMMZ JU JT UIF TVN PG UIF MPTTFT PWFS
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 BUUFNQUT UP NJOJNJ[F UIF MPTT BU BMM DPTUT XIJDI NBZ SFTVMU JO PWFSmUUJOH
UIF USBJOJOH EBUB� 5P DPVOUFS UIBU XF PGUFO QPTF TPGU SFTUSJDUJPOT PO UIF GPSN PG UIF TPMVUJPO� ɩJT
ŋ*O NBOZ DBTFT JU JT OBUVSBM UP UIJOL PG UIF FYQFDUFE PVUQVU BT B TDBMBS 	DMBTT BTTJHONFOU
 SBUIFS UIBO B WFDUPS� *O TVDI DBTFT y
JT TJNQMZ UIF DPSSFTQPOEJOH POF�IPU WFDUPS BOE BSHNBYi yŒi! JT UIF DPSSFTQPOEJOH DMBTT BTTJHONFOU� E. Fersini



TRAINING AS OPTIMIZATION

¢ To overcome this issue, we could pose a soft restriction on the form of the 
solution through a  regularization function: 

� Where:
¢ R(Θ) corresponds to a scalar that reflects the parameter “complexity” (that we

want to keep low for efficicy reasons)

¢ Λ is an hyperparameter that control the trade-off between bias and variance
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BIAS-VARIANCE TRADE-OFF

E. Fersini

Who knows tha bias-variance trade-off?



BIAS-VARIANCE TRADE-OFF: MATHEMATICALLY
¢ Let the variable we are trying to predict as Y and other covariates as X. 

Y=f(X) + e

¢ The expected squared error is

¢ Which can be further decomposed as

E. Fersini



BIAS-VARIANCE TRADE-OFF: BULLS-EYE DIAGRAM

E. Fersini



WHY IS BIAS VARIANCE TRADEOFF?
¢ Tradeoff in complexity is why there is a tradeoff between bias and

variance.

E. Fersini



GOOD TRADE-OFF: TIPS

E. Fersini
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IF WE GO BACK TO THE REGULARIZATION

¢ The optimal value for λ will be probably somewhere around the
minimum of the Cross Validation loss function

high value of λ λ= 0

Er
ro
r

E. Fersini

Nielsen, M. A. Neural networks and deep learning. Vol. 2018. San Francisco, CA, USA: Determination.
http://neuralnetworksanddeeplearning.com
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LOSS FUNCTIONS
¢ The loss can be an arbitrary function mapping two vectors to a scalar

¢ HINGE (binary) LOSS:

� the classifier’s output is a single scalar and the true label is in {+1,-1};

� the classification rule is and a prediction is correct if

� The Hinge Loss is defined as:
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ŷ = sign( !y)

!y

y ⋅ !y ≥ 0 à they share they same sign

E. Fersini



LOSS FUNCTIONS
¢ HINGE (multi-class) LOSS:

� Let be the classifier’s output vector, and be the one-hot
vector for the true label.

� The classification rule is defined as selecting the class with the highest
score

� The Hinge Loss is defined as:

ŷ = ŷ[1],..., ŷ[k ] y
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DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
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MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
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USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����


��ɩJT GPSNVMBUJPO BTTVNFT BO JOTUBODF DBO CFMPOH UP TFWFSBM DMBTTFT XJUI TPNF EFHSFF PG DFSUBJOUZ�

[j]
))

TIPS: In general HINGE LOSSES are useful when we require a hard decision rule, do 
not considering the class membership probability.

E. Fersini



LOSS FUNCTIONS
¢ LOGISTIC LOSS (BINARY CROSS ENTROPY):

� It is used in binary classification with conditional probability outputs

� We assume a set of two target classes labelled 0 and 1, with correct
label y Î {0,1}

� The classifier’s output is transfomed using the sigmoid (aka logistic)
function to the range [0,1]

¢ It is intepreted as the conditional probability

� The prediction rule is:

� The training algorithm tries to maximize the log conditional probability
P(y=1|x) for each training example (x,y):
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DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�

Llog. Oy; y/ D MPH.1C exp.!. Oy Œt! ! Oy Œk!//: 	����

#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����
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ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�
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#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����
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ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�
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#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����


��ɩJT GPSNVMBUJPO BTTVNFT BO JOTUBODF DBO CFMPOH UP TFWFSBM DMBTTFT XJUI TPNF EFHSFF PG DFSUBJOUZ�

���� 53"*/*/( "4 015*.*;"5*0/ ��
%FOPUF CZ t D BSHNBYi y Œi! UIF DPSSFDU DMBTT BOE CZ k D BSHNBYi¤t Oy Œi! UIF IJHIFTU TDPSJOH

DMBTT TVDI UIBU k ¤ t � ɩF NVMUJ�DMBTT IJOHF MPTT JT EFmOFE BT�
LIJOHF	NVMUJ�DMBTT
. Oy; y/ D NBY.0; 1 ! . Oy Œt! ! Oy Œk!//: 	����


ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�

Llog. Oy; y/ D MPH.1C exp.!. Oy Œt! ! Oy Œk!//: 	����

#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����


��ɩJT GPSNVMBUJPO BTTVNFT BO JOTUBODF DBO CFMPOH UP TFWFSBM DMBTTFT XJUI TPNF EFHSFF PG DFSUBJOUZ�

E. Fersini



LOSS FUNCTIONS
¢ NEGATIVE LOG LIKELIHOOD (CATEGORICAL CROSS-ENTROPY LOSS):

� It is used when a probabilistic distribution of scores is desired

� Let be a vector denoting the true multinomial
distribution over the labels 1,…,k

� Let be the linear classifier’s predictions (transformed
by the softmax function) that represent the class memebership
conditional probability distribution

� The negative log likelihood loss measures the dissimilarity between the
true label distribution and the predicted one:
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DMBTT TVDI UIBU k ¤ t � ɩF NVMUJ�DMBTT IJOHF MPTT JT EFmOFE BT�
LIJOHF	NVMUJ�DMBTT
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ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�

Llog. Oy; y/ D MPH.1C exp.!. Oy Œt! ! Oy Œk!//: 	����

#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
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ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�

Llog. Oy; y/ D MPH.1C exp.!. Oy Œt! ! Oy Œk!//: 	����

#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����


��ɩJT GPSNVMBUJPO BTTVNFT BO JOTUBODF DBO CFMPOH UP TFWFSBM DMBTTFT XJUI TPNF EFHSFF PG DFSUBJOUZ�

[k]

ŷ[i ] = P(y = i | x)

���� 53"*/*/( "4 015*.*;"5*0/ ��
%FOPUF CZ t D BSHNBYi y Œi! UIF DPSSFDU DMBTT BOE CZ k D BSHNBYi¤t Oy Œi! UIF IJHIFTU TDPSJOH

DMBTT TVDI UIBU k ¤ t � ɩF NVMUJ�DMBTT IJOHF MPTT JT EFmOFE BT�
LIJOHF	NVMUJ�DMBTT
. Oy; y/ D NBY.0; 1 ! . Oy Œt! ! Oy Œk!//: 	����


ɩF NVMUJ�DMBTT IJOHF MPTT BUUFNQUT UP TDPSF UIF DPSSFDU DMBTT BCPWF BMM PUIFS DMBTTFT XJUI B NBSHJO
PG BU MFBTU ��

#PUI UIF CJOBSZ BOE NVMUJ�DMBTT IJOHF MPTTFT BSF JOUFOEFE UP CF VTFE XJUI MJOFBS PVUQVUT�
ɩF IJOHF MPTTFT BSF VTFGVM XIFOFWFS XF SFRVJSF B IBSE EFDJTJPO SVMF BOE EP OPU BUUFNQU UP NPEFM
DMBTT NFNCFSTIJQ QSPCBCJMJUZ�
-PH MPTT ɩF MPH MPTT JT B DPNNPO WBSJBUJPO PG UIF IJOHF MPTT XIJDI DBO CF TFFO BT B iTPGUw
WFSTJPO PG UIF IJOHF MPTT XJUI BO JOmOJUF NBSHJO <-F$VO FU BM� ����>�

Llog. Oy; y/ D MPH.1C exp.!. Oy Œt! ! Oy Œk!//: 	����

#JOBSZ DSPTT FOUSPQZ ɩF CJOBSZ DSPTT�FOUSPQZ MPTT BMTP SFGFSSFE UP BT MPHJTUJD MPTT JT VTFE JO CJOBSZ
DMBTTJmDBUJPO XJUI DPOEJUJPOBM QSPCBCJMJUZ PVUQVUT� 8F BTTVNF B TFU PG UXP UBSHFU DMBTTFT MBCFMFE
� BOE � XJUI B DPSSFDU MBCFM y 2 f0; 1g� ɩF DMBTTJmFS�T PVUQVU Qy JT USBOTGPSNFE VTJOH UIF TJHNPJE
	BMTP DBMMFE UIF MPHJTUJD
 GVODUJPO !.x/ D 1=.1C e!x/ UP UIF SBOHF Œ0; 1" BOE JT JOUFSQSFUFE BT UIF
DPOEJUJPOBM QSPCBCJMJUZ Oy D !. Qy/ D P.y D 1jx/� ɩF QSFEJDUJPO SVMF JT�

QSFEJDUJPO D
(

0 Oy < 0:5

1 Oy " 0:5:

ɩF OFUXPSL JT USBJOFE UP NBYJNJ[F UIF MPH DPOEJUJPOBM QSPCBCJMJUZ MPH P.y D 1jx/ GPS FBDI
USBJOJOH FYBNQMF .x; y/� ɩF MPHJTUJD MPTT JT EFmOFE BT�

LMPHJTUJD. Oy; y/ D !y MPH Oy ! .1 ! y/ MPH.1 ! Oy/: 	����

ɩF MPHJTUJD MPTT JT VTFGVM XIFO XF XBOU UIF OFUXPSL UP QSPEVDF DMBTT DPOEJUJPOBM QSPCBCJMJUZ

GPS B CJOBSZ DMBTTJmDBUJPO QSPCMFN� 8IFO VTJOH UIF MPHJTUJD MPTT JU JT BTTVNFE UIBU UIF PVUQVU MBZFS
JT USBOTGPSNFE VTJOH UIF TJHNPJE GVODUJPO�
$BUFHPSJDBM DSPTT�FOUSPQZ MPTT ɩF DBUFHPSJDBM DSPTT�FOUSPQZ MPTT 	BMTP SFGFSSFE UP BT OFHBUJWF MPH
MJLFMJIPPE
 JT VTFE XIFO B QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF TDPSFT JT EFTJSFE�

-FU y D y Œ1!; : : : ; y Œn! CF B WFDUPS SFQSFTFOUJOH UIF USVF NVMUJOPNJBM EJTUSJCVUJPO PWFS UIF
MBCFMT 1; : : : ; n�� BOE MFU Oy D Oy Œ1!; : : : ; Oy Œn! CF UIF MJOFBS DMBTTJmFS�T PVUQVU XIJDI XBT USBOTGPSNFE
CZ UIF TPGUNBY GVODUJPO 	4FDUJPO ���
 BOE SFQSFTFOU UIF DMBTT NFNCFSTIJQ DPOEJUJPOBM EJTUSJCV�
UJPO Oy Œi! D P.y D i jx/� ɩF DBUFHPSJDBM DSPTT FOUSPQZ MPTT NFBTVSFT UIF EJTTJNJMBSJUZ CFUXFFO UIF
USVF MBCFM EJTUSJCVUJPO y BOE UIF QSFEJDUFE MBCFM EJTUSJCVUJPO Oy  BOE JT EFmOFE BT DSPTT FOUSPQZ�

LDSPTT�FOUSPQZ. Oy; y/ D !
X

i

y Œi! MPH. Oy Œi!/: 	����


��ɩJT GPSNVMBUJPO BTTVNFT BO JOTUBODF DBO CFMPOH UP TFWFSBM DMBTTFT XJUI TPNF EFHSFF PG DFSUBJOUZ�

Lnegative log likelihood=

E. Fersini
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'PS IBSE�DMBTTJmDBUJPO QSPCMFNT JO XIJDI FBDI USBJOJOH FYBNQMF IBT B TJOHMF DPSSFDU DMBTT

BTTJHONFOU y JT B POF�IPU WFDUPS SFQSFTFOUJOH UIF USVF DMBTT� *O TVDI DBTFT UIF DSPTT FOUSPQZ DBO
CF TJNQMJmFE UP�

LDSPTT�FOUSPQZ	IBSE DMBTTJmDBUJPO
. Oy; y/ D ! MPH. Oy Œt!/; 	����


XIFSF t JT UIF DPSSFDU DMBTT BTTJHONFOU� ɩJT BUUFNQUT UP TFU UIF QSPCBCJMJUZ NBTT BTTJHOFE UP UIF
DPSSFDU DMBTT t UP �� #FDBVTF UIF TDPSFT Oy IBWF CFFO USBOTGPSNFE VTJOH UIF TPGUNBY GVODUJPO UP CF
OPO�OFHBUJWF BOE TVN UP POF JODSFBTJOH UIF NBTT BTTJHOFE UP UIF DPSSFDU DMBTT NFBOT EFDSFBTJOH
UIF NBTT BTTJHOFE UP BMM UIF PUIFS DMBTTFT�

ɩF DSPTT�FOUSPQZ MPTT JT WFSZ DPNNPO JO UIF MPH�MJOFBS NPEFMT BOE UIF OFVSBM OFUXPSLT
MJUFSBUVSF BOE QSPEVDFT B NVMUJ�DMBTT DMBTTJmFS XIJDI EPFT OPU POMZ QSFEJDU UIF POF�CFTU DMBTT MBCFM
CVU BMTP QSFEJDUT B EJTUSJCVUJPO PWFS UIF QPTTJCMF MBCFMT� 8IFO VTJOH UIF DSPTT�FOUSPQZ MPTT JU JT
BTTVNFE UIBU UIF DMBTTJmFS�T PVUQVU JT USBOTGPSNFE VTJOH UIF TPGUNBY USBOTGPSNBUJPO�
3BOLJOH MPTTFT *O TPNF TFUUJOHT XF BSF OPU HJWFO TVQFSWJTJPO JO UFSN PG MBCFMT CVU SBUIFS BT
QBJST PG DPSSFDU BOE JODPSSFDU JUFNT x BOE x0 BOE PVS HPBM JT UP TDPSF DPSSFDU JUFNT BCPWF JODPSSFDU
POFT� 4VDI USBJOJOH TJUVBUJPOT BSJTF XIFO XF IBWF POMZ QPTJUJWF FYBNQMFT BOE HFOFSBUF OFHBUJWF
FYBNQMFT CZ DPSSVQUJOH B QPTJUJWF FYBNQMF� " VTFGVM MPTT JO TVDI TDFOBSJPT JT UIF NBSHJO�CBTFE
SBOLJOH MPTT EFmOFE GPS B QBJS PG DPSSFDU BOE JODPSSFDU FYBNQMFT�

LSBOLJOH	NBSHJO
.x; x0/ D NBY.0; 1 ! .f .x/ ! f .x0///; 	����


XIFSF f .x/ JT UIF TDPSF BTTJHOFE CZ UIF DMBTTJmFS GPS JOQVU WFDUPS x� ɩF PCKFDUJWF JT UP TDPSF 	SBOL

DPSSFDU JOQVUT PWFS JODPSSFDU POFT XJUI B NBSHJO PG BU MFBTU ��

" DPNNPO WBSJBUJPO JT UP VTF UIF MPH WFSTJPO PG UIF SBOLJOH MPTT�

LSBOLJOH	MPH
.x; x0/ D MPH.1C FYQ.!.f .x/ ! f .x0////: 	����


&YBNQMFT VTJOH UIF SBOLJOH IJOHF MPTT JO MBOHVBHF UBTLT JODMVEF USBJOJOH XJUI UIF BVYJMJBSZ
UBTLT VTFE GPS EFSJWJOH QSF�USBJOFE XPSE FNCFEEJOHT 	TFF 4FDUJPO ������
 JO XIJDI XF BSF HJWFO B
DPSSFDU XPSE TFRVFODF BOE B DPSSVQUFE XPSE TFRVFODF BOE PVS HPBM JT UP TDPSF UIF DPSSFDU TFRVFODF
BCPWF UIF DPSSVQU POF <$PMMPCFSU BOE 8FTUPO ����>� 4JNJMBSMZ 7BO EF $SVZT <����> VTFE UIF
SBOLJOH MPTT JO B TFMFDUJPOBM�QSFGFSFODFT UBTL JO XIJDI UIF OFUXPSL XBT USBJOFE UP SBOL DPSSFDU
WFSC�PCKFDU QBJST BCPWF JODPSSFDU BVUPNBUJDBMMZ EFSJWFE POFT BOE 8FTUPO FU BM� <����> USBJOFE
B NPEFM UP TDPSF DPSSFDU 	IFBE SFMBUJPO UBJM
 USJQMFUT BCPWF DPSSVQUFE POFT JO BO JOGPSNBUJPO�
FYUSBDUJPO TFUUJOH� "O FYBNQMF PG VTJOH UIF SBOLJOH MPH MPTT DBO CF GPVOE JO (BP FU BM� <����>� "
WBSJBUJPO PG UIF SBOLJOH MPH MPTT BMMPXJOH GPS B EJĊFSFOU NBSHJO GPS UIF OFHBUJWF BOE QPTJUJWF DMBTT
JT HJWFO JO EPT 4BOUPT FU BM� <����>�



GRADIENT-BASED OPTIMIZATION

¢ In order to train the model, we need to solve the optimization problem:

¢ Solution: gradient-based methods
� Estimates the loss L over the training set
� Computes the gradients of the parameters
Θ w.r.t. the loss L

� Moves the parameters in the opposite
directions the gradient

� When optimizing the loss L, the parameters are considered as input,
while the training examples are treated as constants
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$POTJEFS UIF PQUJNJ[BUJPO QSPCMFN JO &RVBUJPO 	����
� *U NBZ BENJU NVMUJQMF TPMVUJPOT BOE
FTQFDJBMMZ JO IJHIFS EJNFOTJPOT JU DBO BMTP PWFS�mU� $POTJEFS PVS MBOHVBHF JEFOUJmDBUJPO FYBNQMF
BOE B TFUUJOH JO XIJDI POF PG UIF EPDVNFOUT JO UIF USBJOJOH TFU 	DBMM JU xo
 JT BO PVUMJFS� JU JT BDUVBMMZ
JO (FSNBO CVU JT MBCFMFE BT 'SFODI� *O PSEFS UP ESJWF UIF MPTT EPXO UIF MFBSOFS DBO JEFOUJGZ
GFBUVSFT 	MFUUFS CJHSBNT
 JO xo UIBU PDDVS JO POMZ GFX PUIFS EPDVNFOUT BOE HJWF UIFN WFSZ TUSPOH
XFJHIUT UPXBSE UIF 	JODPSSFDU
 'SFODI DMBTT� ɩFO GPS PUIFS (FSNBO EPDVNFOUT JO XIJDI UIFTF
GFBUVSFT PDDVS XIJDI NBZ OPX CF NJTUBLFOMZ DMBTTJmFE BT 'SFODI UIF MFBSOFS XJMM mOE PUIFS
(FSNBO MFUUFS CJHSBNT BOE XJMM SBJTF UIFJS XFJHIUT JO PSEFS GPS UIF EPDVNFOUT UP CF DMBTTJmFE BT
(FSNBO BHBJO� ɩJT JT B CBE TPMVUJPO UP UIF MFBSOJOH QSPCMFN BT JU MFBSOT TPNFUIJOH JODPSSFDU BOE
DBO DBVTF UFTU (FSNBO EPDVNFOUT XIJDI TIBSF NBOZ XPSET XJUI xo UP CF NJTUBLFOMZ DMBTTJmFE
BT 'SFODI� *OUVJUJWFMZ XF XPVME MJLF UP DPOUSPM GPS TVDI DBTFT CZ ESJWJOH UIF MFBSOFS BXBZ GSPN
TVDI NJTHVJEFE TPMVUJPOT BOE UPXBSE NPSF OBUVSBM POFT JO XIJDI JU JT 0, UP NJT�DMBTTJGZ B GFX
FYBNQMFT JG UIFZ EPO�U mU XFMM XJUI UIF SFTU�

ɩJT JT BDIJFWFE CZ BEEJOH B SFHVMBSJ[BUJPO UFSN R UP UIF PQUJNJ[BUJPO PCKFDUJWF XIPTF KPC
JT UP DPOUSPM UIF DPNQMFYJUZ PG UIF QBSBNFUFS WBMVF BOE BWPJE DBTFT PG PWFSmUUJOH�

O‚ D BSHNJO
‚

L.‚/C !R.‚/

D BSHNJO
‚

1

n

nX
iD1

L.f .xi I‚/; y i /C !R.‚/:

	����


ɩF SFHVMBSJ[BUJPO UFSN DPOTJEFST UIF QBSBNFUFS WBMVFT BOE TDPSFT UIFJS DPNQMFYJUZ� 8F
UIFO MPPL GPS QBSBNFUFS WBMVFT UIBU IBWF CPUI B MPX MPTT BOE MPX DPNQMFYJUZ� " IZQFSQBSBNFUFS�¤
! JT VTFE UP DPOUSPM UIF BNPVOU PG SFHVMBSJ[BUJPO� EP XF GBWPS TJNQMF NPEFM PWFS MPX MPTT POFT
PS WJDF WFSTB� ɩF WBMVF PG ! IBT UP CF TFU NBOVBMMZ CBTFE PO UIF DMBTTJmDBUJPO QFSGPSNBODF PO B
EFWFMPQNFOU TFU� 8IJMF &RVBUJPO 	����
 IBT B TJOHMF SFHVMBSJ[BUJPO GVODUJPO BOE ! WBMVF GPS BMM
UIF QBSBNFUFST JU JT PG DPVSTF QPTTJCMF UP IBWF B EJĊFSFOU SFHVMBSJ[FS GPS FBDI JUFN JO ‚�

*O QSBDUJDF UIF SFHVMBSJ[FST R FRVBUF DPNQMFYJUZ XJUI MBSHF XFJHIUT BOE XPSL UP LFFQ
UIF QBSBNFUFS WBMVFT MPX� *O QBSUJDVMBS UIF SFHVMBSJ[FST R NFBTVSF UIF OPSNT PG UIF QBSBNFUFS
NBUSJDFT BOE ESJWF UIF MFBSOFS UPXBSE TPMVUJPOT XJUI MPX OPSNT� $PNNPO DIPJDFT GPS R BSF UIF
L2 OPSN UIF L1 OPSN BOE UIF FMBTUJD�OFU�
L2 SFHVMBSJ[BUJPO *O L2 SFHVMBSJ[BUJPO R UBLFT UIF GPSN PG UIF TRVBSFE L2 OPSN PG UIF QBSBN�
FUFST USZJOH UP LFFQ UIF TVN PG UIF TRVBSFT PG UIF QBSBNFUFS WBMVFT MPX�

RL2
.W / D jjW jj22 D

X
i;j

.W Œi;j !/
2: 	����


�¤" IZQFSQBSBNFUFS JT B QBSBNFUFS PG UIF NPEFM XIJDI JT OPU MFBSOFE BT QBSU PG UIF PQUJNJ[BUJPO QSPDFTT CVU OFFET UP CF TFU CZ
IBOE�
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STOCHASTIC GRADIENT DESCENT

¢ Stochastic Gradient Descent (SGD)

� It is a general optimization algorithm

� It receives a function f parameterized by Θ, a loss function L, input-
output pairs x1:n,y1:n

� The main goal is to set the parameters Θ such that the cumulative
loss of f on the training examples is small

���� (3"%*&/5�#"4&% 015*.*;"5*0/ ��

��

XJMM HJWF UIF EJSFDUJPO PG DIBOHF� *G u D 0 UIFO xi JT BO PQUJNVN QPJOU� 0UIFSXJTF NPWF
JO UIF PQQPTJUF EJSFDUJPO PG u CZ TFUUJOH xiC1  xi ! !u XIFSF ! JT B SBUF QBSBNFUFS� 8JUI
B TNBMM FOPVHI WBMVF PG ! f .xiC1/ XJMM CF TNBMMFS UIBO f .xi /� 3FQFBUJOH UIJT QSPDFTT 	XJUI
QSPQFSMZ EFDSFBTJOH WBMVFT PG !
 XJMM mOE BO PQUJNVN QPJOU xi � *G UIF GVODUJPO f ./ JT DPOWFY
UIF PQUJNVN XJMM CF B HMPCBM POF� 0UIFSXJTF UIF QSPDFTT JT POMZ HVBSBOUFFE UP mOE B MPDBM
PQUJNVN�

(SBEJFOU�CBTFE PQUJNJ[BUJPO TJNQMZ HFOFSBMJ[FT UIJT JEFB GPS GVODUJPOT XJUI NVMUJQMF
WBSJBCMFT� " HSBEJFOU PG B GVODUJPO XJUI k WBSJBCMFT JT UIF DPMMFDUJPOT PG k QBSUJBM EFSJWBUJWFT
POF BDDPSEJOH UP FBDI PG UIF WBSJBCMFT� .PWJOH UIF JOQVUT JO UIF EJSFDUJPO PG UIF HSBEJFOU XJMM
JODSFBTF UIF WBMVF PG UIF GVODUJPO XIJMF NPWJOH UIFN JO UIF PQQPTJUF EJSFDUJPO XJMM EFDSFBTF
JU� 8IFO PQUJNJ[JOH UIF MPTT L.‚Ix1Wn; y1Wn/ UIF QBSBNFUFST ‚ BSF DPOTJEFSFE BT JOQVUT UP
UIF GVODUJPO XIJMF UIF USBJOJOH FYBNQMFT BSF USFBUFE BT DPOTUBOUT�

��

$POWFYJUZ *O HSBEJFOU�CBTFE PQUJNJ[BUJPO JU JT DPNNPO UP EJTUJOHVJTI CFUXFFO DPOWFY 	PS
DPODBWF
 GVODUJPOT BOE OPO�DPOWFY 	OPO�DPODBWF
 GVODUJPOT� " DPOWFY GVODUJPO JT B GVODUJPO
XIPTF TFDPOE�EFSJWBUJWF JT BMXBZT OPO�OFHBUJWF� "T B DPOTFRVFODF DPOWFY GVODUJPOT IBWF
B TJOHMF NJOJNVN QPJOU� 4JNJMBSMZ DPODBWF GVODUJPOT BSF GVODUJPOT XIPTF TFDPOE�EFSJWBUJWFT
BSF BMXBZT OFHBUJWF PS [FSP BOE BT B DPOTFRVFODF IBWF B TJOHMF NBYJNVN QPJOU� $POWFY 	DPO�
DBWF
 GVODUJPOT IBWF UIF QSPQFSUZ UIBU UIFZ BSF FBTZ UP NJOJNJ[F 	NBYJNJ[F
 VTJOH HSBEJFOU�
CBTFE PQUJNJ[BUJPO�TJNQMZ GPMMPX UIF HSBEJFOU VOUJM BO FYUSFNVNQPJOU JT SFBDIFE BOE PODF
JU JT SFBDIFE XF LOPX XF PCUBJOFE UIF HMPCBM FYUSFNVN QPJOU� *O DPOUSBTU GPS GVODUJPOT UIBU
BSF OFJUIFS DPOWFY OPS DPODBWF B HSBEJFOU�CBTFE PQUJNJ[BUJPO QSPDFEVSF NBZ DPOWFSHF UP B
MPDBM FYUSFNVN QPJOU NJTTJOH UIF HMPCBM PQUJNVN�

����� 450$)"45*$ (3"%*&/5 %&4$&/5
"O FĊFDUJWF NFUIPE GPS USBJOJOH MJOFBS NPEFMT JT VTJOH UIF 4(% BMHPSJUIN <#PUUPV ���� -F$VO
FU BM� ����B> PS B WBSJBOU PG JU� 4(% JT B HFOFSBM PQUJNJ[BUJPO BMHPSJUIN� *U SFDFJWFT B GVODUJPO
f QBSBNFUFSJ[FE CZ ‚ B MPTT GVODUJPO L BOE EFTJSFE JOQVU BOE PVUQVU QBJST x1Wn; y1Wn� *U UIFO
BUUFNQUT UP TFU UIF QBSBNFUFST ‚ TVDI UIBU UIF DVNVMBUJWF MPTT PG f PO UIF USBJOJOH FYBNQMFT JT
TNBMM� ɩF BMHPSJUIN XPSLT BT TIPXO JO "MHPSJUIN ����

ɩF HPBM PG UIF BMHPSJUIN JT UP TFU UIF QBSBNFUFST ‚ TP BT UP NJOJNJ[F UIF UPUBM MPTT
L.‚/ DPn

iD1 L.f .xi I "/; yi / PWFS UIF USBJOJOH TFU� *U XPSLT CZ SFQFBUFEMZ TBNQMJOH B USBJOJOH
FYBNQMF BOE DPNQVUJOH UIF HSBEJFOU PG UIF FSSPS PO UIF FYBNQMF XJUI SFTQFDU UP UIF QBSBNFUFST
‚ 	MJOF �
�UIF JOQVU BOE FYQFDUFE PVUQVU BSF BTTVNFE UP CF mYFE BOE UIF MPTT JT USFBUFE BT B
GVODUJPO PG UIF QBSBNFUFST ‚� ɩF QBSBNFUFST ‚ BSF UIFO VQEBUFE JO UIF PQQPTJUF EJSFDUJPO PG UIF
HSBEJFOU TDBMFE CZ B MFBSOJOH SBUF !t 	MJOF �
� ɩF MFBSOJOH SBUF DBO FJUIFS CF mYFE UISPVHIPVU UIF

E. Fersini



STOCHASTIC GRADIENT DESCENT

�� �� -&"3/*/( #"4*$4 "/% -*/&"3 .0%&-4
"MHPSJUIN ��� 0OMJOF TUPDIBTUJD HSBEJFOU EFTDFOU USBJOJOH�
*OQVU�
� 'VODUJPO f .xI‚/ QBSBNFUFSJ[FE XJUI QBSBNFUFST ‚�
� 5SBJOJOH TFU PG JOQVUT x1; : : : ; xn BOE EFTJSFE PVUQVUT y1; : : : ; yn�
� -PTT GVODUJPO L�

�� XIJMF TUPQQJOH DSJUFSJB OPU NFU EP
�� 4BNQMF B USBJOJOH FYBNQMF xi ; yi

�� $PNQVUF UIF MPTT L.f .xi I‚/; yi /

�� Og  HSBEJFOUT PG L.f .xi I‚/; yi / X�S�U ‚

�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����

/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

It starts by sampling a training example

E. Fersini



STOCHASTIC GRADIENT DESCENT

�� �� -&"3/*/( #"4*$4 "/% -*/&"3 .0%&-4
"MHPSJUIN ��� 0OMJOF TUPDIBTUJD HSBEJFOU EFTDFOU USBJOJOH�
*OQVU�
� 'VODUJPO f .xI‚/ QBSBNFUFSJ[FE XJUI QBSBNFUFST ‚�
� 5SBJOJOH TFU PG JOQVUT x1; : : : ; xn BOE EFTJSFE PVUQVUT y1; : : : ; yn�
� -PTT GVODUJPO L�

�� XIJMF TUPQQJOH DSJUFSJB OPU NFU EP
�� 4BNQMF B USBJOJOH FYBNQMF xi ; yi

�� $PNQVUF UIF MPTT L.f .xi I‚/; yi /

�� Og  HSBEJFOUT PG L.f .xi I‚/; yi / X�S�U ‚

�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����

/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

It computes the loss

E. Fersini



STOCHASTIC GRADIENT DESCENT
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*OQVU�
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� 5SBJOJOH TFU PG JOQVUT x1; : : : ; xn BOE EFTJSFE PVUQVUT y1; : : : ; yn�
� -PTT GVODUJPO L�

�� XIJMF TUPQQJOH DSJUFSJB OPU NFU EP
�� 4BNQMF B USBJOJOH FYBNQMF xi ; yi

�� $PNQVUF UIF MPTT L.f .xi I‚/; yi /

�� Og  HSBEJFOUT PG L.f .xi I‚/; yi / X�S�U ‚

�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����

/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

It computes the gradient w.r.t Θ

E. Fersini



STOCHASTIC GRADIENT DESCENT

�� �� -&"3/*/( #"4*$4 "/% -*/&"3 .0%&-4
"MHPSJUIN ��� 0OMJOF TUPDIBTUJD HSBEJFOU EFTDFOU USBJOJOH�
*OQVU�
� 'VODUJPO f .xI‚/ QBSBNFUFSJ[FE XJUI QBSBNFUFST ‚�
� 5SBJOJOH TFU PG JOQVUT x1; : : : ; xn BOE EFTJSFE PVUQVUT y1; : : : ; yn�
� -PTT GVODUJPO L�

�� XIJMF TUPQQJOH DSJUFSJB OPU NFU EP
�� 4BNQMF B USBJOJOH FYBNQMF xi ; yi

�� $PNQVUF UIF MPTT L.f .xi I‚/; yi /

�� Og  HSBEJFOUT PG L.f .xi I‚/; yi / X�S�U ‚

�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����

/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

It computes the gradient w.r.t Θ

Input and preditions are assumed
to be fixed and the loss is treated
as a function of Θ

E. Fersini
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� 5SBJOJOH TFU PG JOQVUT x1; : : : ; xn BOE EFTJSFE PVUQVUT y1; : : : ; yn�
� -PTT GVODUJPO L�

�� XIJMF TUPQQJOH DSJUFSJB OPU NFU EP
�� 4BNQMF B USBJOJOH FYBNQMF xi ; yi

�� $PNQVUF UIF MPTT L.f .xi I‚/; yi /

�� Og  HSBEJFOUT PG L.f .xi I‚/; yi / X�S�U ‚

�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����

/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

Parameters Θ are updated in the
opposite direction of the gradient

E. Fersini
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/PUF UIBU UIF FSSPS DBMDVMBUFE JO MJOF � JT CBTFE PO B TJOHMF USBJOJOH FYBNQMF BOE JT UIVT
KVTU B SPVHI FTUJNBUF PG UIF DPSQVT�XJEF MPTT L UIBU XF BSF BJNJOH UP NJOJNJ[F� ɩF OPJTF JO
UIF MPTT DPNQVUBUJPO NBZ SFTVMU JO JOBDDVSBUF HSBEJFOUT� " DPNNPO XBZ PG SFEVDJOH UIJT OPJTF JT
UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

Parameters Θ are updated in the
opposite direction of the gradient

scaled by a learning rate ηt

E. Fersini



STOCHASTIC GRADIENT DESCENT
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�� ‚ ‚ ! !t Og
�� SFUVSO ‚

USBJOJOH QSPDFTT PS EFDBZ BT B GVODUJPO PG UIF UJNF TUFQ t ��© 'PS GVSUIFS EJTDVTTJPO PO TFUUJOH UIF
MFBSOJOH SBUF TFF 4FDUJPO ����
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UP FTUJNBUF UIF FSSPS BOE UIF HSBEJFOUT CBTFE PO B TBNQMF PG m FYBNQMFT� ɩJT HJWFT SJTF UP UIF
NJOJCBUDI 4(% BMHPSJUIN 	"MHPSJUIN ���
�

*O MJOFT �o� UIF BMHPSJUIN FTUJNBUFT UIF HSBEJFOU PG UIF DPSQVT MPTT CBTFE PO UIF NJOJCBUDI�
"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
UP PQUJNJ[F OPO�DPOWFY GVODUJPOT TVDI BT NVMUJ�MBZFS OFVSBM OFUXPSL� 8IJMF UIFSF BSF OP MPOHFS
HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
QSBDUJDF��ņ

�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

Parameters Θ are updated in the
opposite direction of the gradient

scaled by a learning rate ηt

TIPS: The learning rate can be either fixed or decay as function of the time step t
E. Fersini



STOCHASTIC GRADIENT DESCENT
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"GUFS UIF MPPQ Og DPOUBJOT UIF HSBEJFOU FTUJNBUF BOE UIF QBSBNFUFST ‚ BSF VQEBUFE UPXBSE Og�
ɩF NJOJCBUDI TJ[F DBO WBSZ JO TJ[F GSPN m D 1 UP m D n� )JHIFS WBMVFT QSPWJEF CFUUFS FTUJNBUFT
PG UIF DPSQVT�XJEF HSBEJFOUT XIJMF TNBMMFS WBMVFT BMMPX NPSF VQEBUFT BOE JO UVSO GBTUFS DPO�
WFSHFODF� #FTJEFT UIF JNQSPWFE BDDVSBDZ PG UIF HSBEJFOUT FTUJNBUJPO UIF NJOJCBUDI BMHPSJUIN
QSPWJEFT PQQPSUVOJUJFT GPS JNQSPWFE USBJOJOH FċDJFODZ� 'PS NPEFTU TJ[FT PG m TPNF DPNQVU�
JOH BSDIJUFDUVSFT 	J�F� (16T
 BMMPX BO FċDJFOU QBSBMMFM JNQMFNFOUBUJPO PG UIF DPNQVUBUJPO JO
MJOFT �o�� 8JUI B QSPQFSMZ EFDSFBTJOH MFBSOJOH SBUF 4(% JT HVBSBOUFFE UP DPOWFSHF UP B HMPCBM
PQUJNVN JG UIF GVODUJPO JT DPOWFY XIJDI JT UIF DBTF GPS MJOFBS BOE MPH�MJOFBS NPEFMT DPVQMFE
XJUI UIF MPTT GVODUJPOT BOE SFHVMBSJ[FST EJTDVTTFE JO UIJT DIBQUFS� )PXFWFS JU DBO BMTP CF VTFE
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HVBSBOUFFT PG mOEJOH B HMPCBM PQUJNVN UIF BMHPSJUIN QSPWFE UP CF SPCVTU BOE QFSGPSNT XFMM JO
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�©-FBSOJOH SBUF EFDBZ JT SFRVJSFE JO PSEFS UP QSPWF DPOWFSHFODF PG 4(%�
�ņ3FDFOU XPSL GSPN UIF OFVSBM OFUXPSLT MJUFSBUVSF BSHVF UIBU UIF OPO�DPOWFYJUZ PG UIF OFUXPSLT JT NBOJGFTUFE JO B QSPMJGFSBUJPO
PG TBEEMF QPJOUT SBUIFS UIBO MPDBM NJOJNB <%BVQIJO FU BM� ����>� ɩJT NBZ FYQMBJO TPNF PG UIF TVDDFTT JO USBJOJOH OFVSBM
OFUXPSLT EFTQJUF VTJOH MPDBM TFBSDI UFDIOJRVFT�

The error is based on a single 
training example

It is a rough estimation of the entire
training set that we want to minimize

This may result in inaccurate gradients

E. Fersini



STOCHASTIC GRADIENT DESCENT

¢ A common way to reduce this noise is to estimate the error and the
gradients based on a sample of m examples:

� Minibatch Stochastic Gradient Descent
���� (3"%*&/5�#"4&% 015*.*;"5*0/ ��
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UIF HSBEJFOUT PG UIF MPTT XJUI SFTQFDU UP UIF WBMVFT W BOE b� ɩF HSBEJFOU JT UIF DPMMFDUJPO PG UIF

Estimate of the training loss based
on the minibatch

E. Fersini



STOCHASTIC GRADIENT DESCENT

¢ A common way to reduce this noise is to estimate the error and the
gradients based on a sample of m examples:

� Minibatch Stochastic Gradient Descent
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Final gradient estimate

Parameters are updated toward
the gradient

E. Fersini



STOCHASTIC GRADIENT DESCENT

¢ Minibatch Stochastic Gradient Descent

� The minibatch can vary in size from m=1 to m=n
¢ High values of m provide better estimates of the training gradients

¢ Small values of m allow more updates and faster convergence

¢ It provides also efficient training:

¢ for small values of m some computing architectures (e.g. GPU) allow an
efficient parallel implementation of the gradient computation

E. Fersini


