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Preview 

• The two major activities of inferential statistics are 
(1) to use sample data to estimate values of a 
population parameters, and (2) to test hypotheses 
or claims made about  population parameters.

• We introduce methods for estimating values of 
these important population parameters: 
proportions and means.

• We also present methods for determining sample 
sizes necessary to estimate those parameters.

This lecture presents the beginning of inferential 
statistics.
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Estimating a Population Mean
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Key Concept

This lecture presents methods for estimating a 
population mean. In addition to knowing the 
values of the sample data or statistics, we 
must also know the value of the population 
standard deviation, .

Here are three key concepts that should be 
learned in this section:
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Key Concept

1. We should know that the sample mean     is the 
best point estimate of the population mean .

2. We should learn how to use sample data to 
construct a confidence interval for estimating the 
value of a population mean, and we should know 
how to interpret such confidence intervals.

3. We should develop the ability to determine the 
sample size necessary to estimate a population 
mean.

 x



DIPARTIMENTO DI MEDICINA E CHIRURGIA

Point Estimate of the Population Mean

The sample mean x  is the best point estimate 
of the population mean µ.
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Example:

In order to estimate the mean body temperature a sample of 106 
subjects was recruited. Suppose that the standard deviation is known 
as 0.62 F.  The resulting data ended up in a mean of 98.20 F.
Can you estimate mean body temperature?

Because the sample mean is the best point estimate of the population mean, 
we conclude that the best point estimate of is 98.20 F.

How reliable is this estimate ?
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From Central Limit Theorem …
.. the sampling distribution of the mean of a random variable with 
mean  and standard deviation  can be approximated by a normal 
distribution with mean μ and standard deviation /n

𝑋ത~𝑁(𝜇,/n)

𝑧ఈ/ଶ =
𝑥ఈ/ଶ − 𝜇

𝜎/ 𝑛 

   

𝜇
𝜇 + 𝑧ఈ/ଶ𝜎/ 𝑛 

𝜇 − 𝑧ఈ/ଶ 𝜎/ 𝑛 
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From Central Limit Theorem …
.. the sampling distribution of the mean of a random variable with 
mean  and standard deviation  can be approximated by a normal 
distribution with mean μ and standard deviation /n

𝜇

𝑋ത~𝑁(𝜇,/n)

𝜇 + 1.96 𝜎/ 𝑛 𝜇 − 1.96 𝜎/ 𝑛 

1.96 =
𝑥଴.଴ହ/ଶ − 𝜇

𝜎/ 𝑛 

   

If α=0.05 …  
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From the probability interval…

   

   

…

to the confidence interval…

With simple algebraic passages on the two equations, we can express the interval in terms of the observed 
value 
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Definition

A confidence interval (or interval 
estimate) is a range (or an interval) of 
values used to estimate the true value of 
a population parameter.    A confidence 
interval is sometimes abbreviated as CI.
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A confidence level is the probability 1 –  (often 
expressed as the equivalent percentage value) that the 
confidence interval actually does contain the population 
parameter, assuming that the estimation process is 
repeated a large number of times.  (The confidence level 
is also called degree of confidence, or the confidence 
coefficient.)

Most common choices are  90%, 95%,  or   99%.

( = 10%), ( = 5%), ( = 1%)

Definition
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Critical Values
A standard z score can be used to distinguish 
between sample statistics that are likely to occur 
and those that are unlikely to occur. Such a z score 
is called a critical value. Critical values are based on 
the following observations:

1. Under certain conditions, the sampling distribution of 
sample mean can be approximated by a normal 
distribution.
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Critical Values

2. A z score associated with a sample mean has a 
probability of /2 of falling in the right tail.
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z2 =    1.96

Use Table A-2 to find a z score of 1.96

 = 0.05

Finding z2 for a 95%               
Confidence Level - cont
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Example:

In order to estimate the mean body temperature a sample of 106 
subjects was recruited. Suppose that the standard deviation is known 
as 0.62 F.  The resulting data ended up in a mean of 98.20 F.

ఈ/ଶ
ఙ

௡  ; ఈ/ଶ
ఙ

௡  ]

Construct a 95% confidence interval estimate of the mean body temperature:

0.62
ଵ଴଺

  =

98.08;98.32]

“We are 95% confident that the interval from 98.08 
and 98.32 actually does contain the true value of the 
mean body temperature” 

mean body temperature98.20

98.08;98.32]

98.20 ;98.20 ]
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Margin of error (E)

E= 𝜶 𝟐⁄
 

When data from a simple random sample are used to estimate a population mean, the 
difference between the sample mean and the population mean is an error. 
The maximum likely amount of that error is the margin of error, denoted by E. 
There is a probability of 1 - α (such as 0.95) that the difference between µ and is E or 
less. 

The margin of error E is also called the maximum error of the estimate and can be 
found by multiplying the critical value and the standard error

ఈ ଶ⁄
 

ఈ ଶ⁄
 

98.08;98.32]
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Interpretation :
Correct:
“We are 95% confident that the interval from 98.08 and 98.32 actually does contain the true 
value of the mean body temperature.” 

This is a short and acceptable way of saying that if we were to select many different random 
samples of size 106 and construct the corresponding confidence intervals, 95% of them would 
contain the population mean . 
In this correct interpretation, the confidence level of 95% refers to the success rate of the 
process used to estimate the population mean.”

Wrong:
“There is a 95% chance that the true value of will fall between 98.08 and 98.32 .” This is wrong 
because is a population parameter with a fixed value; it is not a random variable with values 
that vary.
Wrong:
“95% of sample means will fall between 98.08 and 98.32 .”
This is wrong because the values of 98.08 and 98.32 result from one sample; they are not 
parameters describing the behavior of all samples.
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19

Confidence interval: The Process Success Rate  
A confidence level of 95% tells us that the process we are using should, in the 
long run, result in confidence interval limits that contain the true population 
proportion 95% of the time. 

19 out of 20 (or 95%) 
different confidence intervals 
contain µ. 

With a 95% confidence level, 
we expect about 19 out of 20 
confidence intervals (or 95%) 
to contain the true value of µ.

This confidence interval does not
contain the true µ
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Confidence interval (CI) length

The length of the confidence interval  ఈ ଶ⁄
ఙ

௡  expresses the 
uncertainty with which the value of µ is known.

• The amplitude does not depend on the value of μ.

• At the same level of confidence level 1- α: the larger the CI is, the 

less precise is the sample estimate of µ,

• the amplitude depends on the standard error (σ / √n), which in turn 

depends on the size (n) of the sample and therefore decreases as n 

increases, that is, as n increases the precision increases

• As the confidence level increases (eg 99% instead of 95%) the CI 

width increases and the precision decreases
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Example:

In order to estimate the mean body temperature a sample of 106 
subjects was recruited. Suppose that the standard deviation is known 
as 0.62 F.  The resulting data ended up in a mean of 98.20 F.
Construct a 90% confidence interval estimate of the mean body 
temperature for the entire population. 

ఈ/ଶ
ఙ

௡  ; ఈ/ଶ
ఙ

௡  ]

0.62
ଵ଴଺

  =

98.20 ;98.20 ]

; ]

98.10;98.30] “We are 90% confident that the interval from 98.10 to 98.30 actually 
does contain the true value of the mean body temperature for the 
entire population” 

mean body temperature98.20

98.08;98.32]

CI90%=[98.10;98.30]
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By knowing the standard deviation σ
↓

It is possible to calculate the sample size needed to get a confidence interval (1-
α) with a certain length 2E 

ఈ ଶ⁄
 

Sample size determination

NOTE: If the computed sample size n is not a whole number, round the value of 
n up to the next larger whole number.

If we solve the formula for the margin of error for the sample size n, we get :
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Example

We want to estimate the mean value of uricemia in a male population: it is 
known that in this population the dispersion of the uricemia is σ = 1.1 mg / dl. It 
is required that the confidence is 95% and that the indeterminacy E does not 
exceed 0.35 mg / dl.

ഀ/మ =
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Dealing with unknown σ when finding sample size 

Triola, Marc M. Biostatistics for the Biological and Health Sciences, Global Edition,  2nd Edition. Pearson (Intl),

Assume that we want to estimate the mean IQ score for the medical students. 
How many students must be randomly selected for IQ tests if we want 95% 
confidence that the sample mean is within 3 IQ points of the population mean?

ఈ/ଶ

ଶ
ଶ

For example by using the results of some other earlier study:

Wechsler IQ tests are designed so that the standard deviation is 15. Medical students have IQ 
scores with a standard deviation less than 15, because they are a more homogeneous group 
than people randomly selected from the general population. We do not know the specific 
value of σ for Medical students, but we can be safe by using σ = 15. Using a value for σ that is 
larger than the true value will make the sample size larger than necessary, but using a value 
for σ that is too small would result in a sample size that is inadequate. When determining the 
sample size n, any errors should always be conservative in the sense that they make the 
sample size too large instead of too small.

? σ
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Example

Assume that we want to estimate the mean IQ score for the population of 
adults who smoke. How many smokers must be randomly selected for IQ tests if 
we want 95% confidence that the sample mean is within 3 IQ points of the 
population mean?

Triola, Marc M. Biostatistics for the Biological and Health Sciences, Global Edition,  2nd Edition. Pearson (Intl),

ఈ/ଶ

ଶ ଶ
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Example:

Listed below are weights (hectograms, or hg) of randomly selected girls 
at birth, based on data from the National Center for Health Statistics. 

How would you estimate the mean birth weight of girls?
Here are the summary statistics: 

33 28 33 37 31 32 31 28 34 28 33 26 30 31 28

n = 15
= 30.9 hg

s = 2.9 hg. 
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Confidence interval for estimating a (population) 
mean μ

  ;   ]

   

However σ is not usually known, so we have to estimate it by:
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Confidence interval for estimating a (population) 
mean μ

 

When σ is estimated the standardised difference:

 
becomes

df: number of degrees of freedom (number of sample values that can vary 
after certain restrictions have been imposed on all data values)
df=n-1

For large sample size t-student ~N(0,1)
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Student t distribution - William Gosset (1876–1937)

• The Student t distribution has the same general symmetric bell shape as the 

standard normal distribution, but has more variability (with wider distributions), 

as we expect with small samples.

• The Student t distribution has a mean of t = 0 (just as the standard normal 

distribution has a mean of z = 0)

• The standard deviation of the Student t distribution varies with the sample size, 

but it is greater than 1 (unlike the standard normal distribution, which has s = 1).

• The Student t distribution is different for different sample sizes.

• As the sample size n gets larger, the Student t distribution gets closer to the 

standard normal distribution.
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Student t distribution - William Gosset (1876–1937)
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Student t distribution - William Gosset (1876–1937)

Student's t distribution has percentiles with an absolute value that is higher than that of the 
corresponding Gaussian percentiles, the lesser the number of degrees of freedom.

For example, the 90th percentile of the Gaussian standard is 1.282, while the corresponding 
percentiles of Student's with 1, 2, 3 and 9 g.d.l. are respectively 3.078, 1.886, 1.638 and 1.383.

0

0.1

0.2

0.3

0.4

-8 -6 -4 -2 0 2 4 6 8

    f(t)

t di Student (n=2)

                 
l l

1.891.28 t

gaussiana



p=0.1

p=0.1
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Confidence interval for estimating a (population) 
mean μ with unknown σ

ഀ

మ
  ; ഀ

మ
  ]

   

If normally distributed population or n>30 
otherwise other nonparametric methods should be used
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Student t table
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T student table
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Example:

Listed below are weights (hectograms, or hg) of randomly selected girls 
at birth, based on data from the National Center for Health Statistics. 

Here are the summary statistics: 

33 28 33 37 31 32 31 28 34 28 33 26 30 31 28

n = 15
= 30.9 hg

s = 2.9 hg. 

Use the sample data to construct a 95% confidence interval for the mean 
birth weight of girls.
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Example:
n = 15

= 30.9 hg
s = 2.9 hg. 
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Choosing the appropriate distribution

Triola, Marc M. Biostatistics for the Biological and Health Sciences, Global Edition,  2nd Edition. Pearson (Intl),
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Estimating a Population 
Proportion
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Key Concept
In this lecture we present methods for using a sample 
proportion to estimate the value of a population 
proportion.

• The sample proportion is the best point estimate of 
the population proportion.

• We can use a sample proportion to construct a 
confidence interval to estimate the true value of a 
population proportion, and we should know how to 
interpret such confidence intervals. 

• We should know how to find the sample size necessary 
to estimate a population proportion. 
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The sample proportion p is the best point 
estimate of the population proportion π.  

Definition
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Example
In one of Mendel’s famous hybridization experiments, 
Mendel found 152 out of 580 yellow peas.

By looking only at experiment results, could you estimate the true proportion of 
yellow peas?

Because the sample proportion is the best point estimate of the population 
proportion, 
we conclude that the best point estimate of is 152/580=0.2620

How reliable is this estimate ?
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Example
In the Mendel’s experiments, he expected that among 580 offspring 
peas, 145 of them (or 25%) would be yellow. 
Find the interval around the true proportion (25%) in which we expect 
to find 95% of the sampling proportion.

The sampling distribution of the sample
probability, if n π 5 and n(1- π) 5,

can be approximate by a Gaussian distribution with 

mean 0.25 and standard error 
଴.ଶହ∗଴.଻ହ

ହ଼଴

 
=0.017979

z1=-1.96 ;z2=+1.96

𝑧1 =
𝑥1 − 0.25

0.017979
; 𝑧2 =

𝑥2 − 0.25

0.017979

X1=0.25-1.96* 0.017979;        X2=0.25+1.96* 0.017979

95%

2.5% 2.5%

The interval [21.8%;28.5%] is called probability interval and is an 
interval centered on the true proportion with length 2*0.017979

𝜋 − 1.96 ⋅ 𝜋(1 − 𝜋) 𝜋 + 1.96 ⋅ 𝜋(1 − 𝜋)
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Example
At one experiment Mendel found 152 out of 580 yellow peas.
By looking only at experiment results (and not at his expectation), could you 
estimate the true proportion of yellow peas?

The best point estimate if 152/580=0.2620
How reliable is this estimate ?

As we normally do not know the true π we cannot use the probability interval,
but we can get an interval estimate to get the precision of the estimate as 

A confidence interval (or interval estimate) is a range (or an interval) of values used to estimate 
the true value of a population parameter. A confidence interval is sometimes abbreviated as CI.

ఈ/ଶ
 

ఈ/ଶ
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Confidence interval for a sample proportion

ఈ/ଶ

 

௟௢௪௘௥ ௟௜௠௜௧ ௨௣௣௘௥ ௟௜௠௜௧

The confidence level is the probability 1 – α
(such as 0.95, or 95%) that the confidence 
interval actually does contain the population 
parameter, assuming that the estimation 
process is repeated a large number of times. 
(The confidence level is also called the degree 
of confidence, or the confidence coefficient).

1-α
α/2α/2

p
plower limit pupper limit



DIPARTIMENTO DI MEDICINA E CHIRURGIA

Probability and confidence intervals

1-α

α/2α/2

π𝜋 − 𝑧ఈ ଶ⁄ 𝜋(1 − 𝜋)/𝑛
 

Probability interval

ఈ ଶ⁄ ఈ ଶ⁄

𝜋 + 𝑧ఈ ଶ⁄ 𝜋(1 − 𝜋)/𝑛
 

Confidence interval

The sampling distribution of the 
sample   probability, if n π 5 and 
n(1- π) 5,  can be approximate by a 
Gaussian  distribution with mean π

and standard error 
π(ଵିπ)

௡
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Example
At one experiment Mendel found 152 out of 580 yellow peas.
By looking only at experiment results (and not at his expectation), could you 
estimate the true proportion of yellow peas?
The best point estimate if 152/580=0.2620
The interval estimate (95% confidence interval is):

“We are 95% confident that the interval from 0.2262 to 0.2978 actually does 
contain the true value of the population proportion π.” 
If we were to select many different random samples of size 580 and construct 
the corresponding confidence intervals, 95% of them would contain the 
population proportion π. 

In this case we know the true π=0.25 thus we are able to say that this
confidence interval does contain the true value 0.25! 

This is not the case usually!

ఈ/ଶ
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Example: Does Touch Therapy Work?
Touch Therapy: Structured and standardized 
healing practice performed by practitioners 
trained to be sensitive to the receiver's energy 
field that surrounds the body...no touching is 
required.

Emily’ science fair project: 
Each touch therapist would put both hands 
through the two holes, and Emily would place her 
hand just above one of the therapist’s hands; 
then the therapist was asked to identify the hand 
that Emily had selected. Emily used a coin toss to 
randomly select the hand to be used. This test 
was repeated 280 times. 
Among the 280 trials, the touch therapists 
identified the correct hand 123 times.
Find the best point estimate of the proportion of 
correct responses

A Close Look at Therapeutic Touch” Journal of the American Medical Association, Vol. 279, No. 13 
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Example: Does Touch Therapy Work?
N=280
x=123
p=123/280=0.439

0.439 is our best point estimate of the population 
proportion π, but we have no indication of how 
good that best estimate is. 

A confidence interval gives us a much better 
sense of how good an estimate is.

A Close Look at Therapeutic Touch” Journal of the American Medical Association, Vol. 279, No. 13 
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Exercise:
N=280
x=123
p=123/280=0.439

a. Find the 95% confidence interval estimate of 
the population proportion p.
b. Based on the results, can we safely conclude 
that the touch therapists had a success rate 
equivalent to tossing a coin?

A Close Look at Therapeutic Touch” Journal of the American Medical Association, Vol. 279, No. 13 

0.439 ± 1.96
0.439(1 − 0.439)

280

 

0.439 ± 0.05812
[0.381; 0.497]

b. Based on the confidence interval obtained, it appears that fewer than 50% of 
the touch therapist responses are correct (because the interval of values from 
0.381 to 0.497 is an interval that is completely below 0.50).

a. 95% confidence interval:
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Interpretation :
Correct:
“We are 95% confident that the interval from 0.381 to 0.497 actually does contain the true 
value of the population proportion.” 

This is a short and acceptable way of saying that if we were to select many different random 
samples of size 280 and construct the corresponding confidence intervals, 95% of them would 
contain the population proportion π. 
In this correct interpretation, the confidence level of 95% refers to the success rate of the 
process used to estimate the population proportion.”

Wrong:
“There is a 95% chance that the true value of π will fall between 0.381 and 0.497.” This is wrong 
because π is a population parameter with a fixed value; it is not a random variable with values 
that vary.
Wrong:
“95% of sample proportions will fall between 0.381 and 0.497.”
This is wrong because the values of 0.381 and 0.497 result from one sample; they are not 
parameters describing the behavior of all samples.
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Confidence interval: The Process Success Rate  
A confidence level of 95% tells us that the process we are using should, in the 
long run, result in confidence interval limits that contain the true population 
proportion 95% of the time. 

19 out of 20 (or 95%) 
different confidence 
intervals contain the 
assumed value of π = 0.50. 

With a 95% confidence 
level, we expect about 19 
out of 20 confidence 
intervals (or 95%) to 
contain the true value of π.

π
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If we were to conduct a survey to determine the percentage of children 
(older than 1 year) who have received measles vaccinations, how many 
children must be surveyed in order to be 95% confident that the sample 
percentage is in error by no more than three percentage points?

a. Assume that a recent survey showed that 90% of children have received 
measles vaccinations.

b. Assume that we have no prior information suggesting a possible value of 
the population proportion.

Example: What Percentage of Children Have 
Received Measles Vaccinations?
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If we plan to collect sample data in order to estimate some population 
proportion, how do we know how many sample units we must get? 

If we solve the formula for the margin of error for the sample size n, we get :

Sample size determination

p: an estimate of the population proportion π (if no such estimate is 
known we replace p by 0.5 resulting in the largest possible sample size)

E: desired margin of error of our estimate

𝑛 =
𝑧ఈ/ଶ

ଶ 𝑝(1 − 𝑝)

𝐸ଶ

E=𝑧ఈ ଶ⁄ 𝑠𝑒(𝑝)

E=𝑧ఈ ଶ⁄ 𝑝(1 − 𝑝)/𝑛  
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Example: What Percentage of Children Have 
Received Measles Vaccinations?


