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Time-dependent
Schrodinger
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(Quantum Dynamics)

Fundamentals of Quantum Mechanics for Materials Scientists



Time-dependent Schrodinger's Equation

Ny Materials

Science

DEGLI STUDI

s
%)
~
55
2
Z
-
B

== ONVTIN Id

Schrodinger pos&um&eci the &imeﬂdepemdemﬁ equa&iow

MUACLOT TR
: dt | 2m g g
wWhich can be also wrikten as:
- SY(r,t) L.
l dt e | (r) t)

Thus, E; are eigenvalues of this equation.
It is easy to show that solutions of this equation are
(for V comst. in b):

W, t) = i) e Fie/?
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HIT
Schrodinger pos&uta&ad the &Lmeﬂdepemdemﬁ equa&iow

ih = |——V*+V(r,t)

dt 2m

2
¥ (r,t) [ h (e o)

It is easy to show that solutions of this equation are
(for V const, in t):

P, t) = y(r) e Fit/h
P is a propedv normalized v\mnm&memdep&md@.mﬁ wavefunction

e
Thus:

l|1(7‘, t) s ei(k-r— Eit)/n
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HIT
Schrodinger pos&uta&ed the Eime*depemdemﬁ equa&iow

- e e
ih T va + V(r,t)

2
¥ (r,t) [ h (e o)

It is easy to show that solutions of this equation are
(V comnst! in E):

L|J(7”, t) - ei(k-r— Eit)/h

Schrodinger chose a specific sign (+) of the spatial part, thus it is definitely a wave
fm,uagaé?:; in the fog;?w dtrcgehéfons for atzrfbsmﬁ energies £ 4
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Remember the classical 3D wave equa&i«ov\

Vigp — = =0

c? 6t?
Were we had also general solutions in the form:
W(r,0) = gl -0

Note that this equation has o second derivative with respect to time,
as opposed. to the firsk derivative in the time~dependent Schrodinger equation
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6 (r, )
| 2m

— —— V24 V(r t)] Y(r,t)

It is easy to show that the solution of this equation is:

W(r,t) = Yy(r) e 1Bt/

S If we insert Y(r,t) explicitly in the S.E. above we obtain
(if V constant in b):

[_%VZ 0 V(r)] gi(r) = E; ¢;(r)
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W(r, t) = Py (r) e 1Eit/n

P; satisfies the Eimeﬂndepemdam& SAE .
hZ
- =V V)| W) = B wi(r)

which can be also wrikken as:

AN

HY; = E;
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W(r, t) = Py (r) e 1Eit/n

P; satisfies the Eimeﬂndepemdam& BN .
[_%VZ T V(r)] i(r) = E; g;(r)
In fact, we had a solution Y(r,t) for the time-dependent

equation where the spatial behavior of the wavefunction
did not change iks form with time.

Hence, if the spatial part of the wavefunction is Y; sEeadv
i time
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W(r, t) = ;(r) e LEit/h

Hence, if the spatial part of the wavefunction is y; steady
i kime

Still the full wavefunction, with that chose of the ktime

d@.pey\d@m& par& e~ 1Eit/h quarantees that Eimewiv\d@.pemdemﬁ
and time-dependent Schrodinger equations are
consistenk,
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W(r, t) = Py (r) e 1Eit/n

W(r, t ) EsNe stationary stake, because the probability
density g | is not changing with time, and Y(r,t)

corresponds to a unique value for the energy E;

‘2

W, )12 = [Py (r)* el Bit/h| |y, (r) e Bt/ |= 1y, () 2 = |,
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Time-dependent Schrodinger's Equation

hz
—— V2 +V(r,t)
2m

0¥ (1,t)
y dt

Y(r,t)

Unlike the time-independent one, is hot an eigenvalue equation. It
is hot an equation that onhly has solutions for o particular set of
values of some parameter.

It allows us to Erecii,c:& the evolution in time of the system:
If we knew W(rt,) for all r, we could deduce how the
wavefunction changes in time at every position, ie., ¥(rt) ot all
Eimes,
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Superposition Principle

N

if a quantum system is ih ohe of the two stabes S and S,, where
Py (7, t) and Y,(r,t) are the aorrespomdima solutions of the S.E., then

the quantum system can also be in a stake formed bv the Linear
suparyosu:m of these states, Thus,

V.. .,(rt)=a¥(rt)+a¥,(rt
1+2(1 ) 1 W1 (r, £) 2 P2 (7, t) al,a2 are complex

number

is also a solution of the EASE!
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Superposition Principle

We have seen that the solution of the EAS.E. (for V const, in k)
are:

w

W(r,t) = gy(r) et Fies

P; is a properly normalized Eime-imdépev\danﬁ wavefunction and
£, is the aorresyov\diug energy eigenvalue

Because of the Linear superposition principle, any sum of such
solutions is also a solubion,

Lebk’s skart bfj expamdihg the spatial solubtion ot bzo:

Px) =) ¢ Pilx)

l
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Superposition Principle

We have seen that the solution of the EAS.E. (for V const, in k)
are:

N

W(r,t) = P;(r) e 1Eit/h

y; is a Fropertv normalized v\ov\w&mewdepeud@& wavefunction
and £; ts the tarresPamdLMg; energy eigenvalue

We can now expand also time-dependent function:

‘P(T, t) — Z c; V; (7‘, t) — Z C; llli(r) e 1Ei t/h

l l
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Superposition Principle

O

W(x,t) = Z ¢; V(e

We know this is a solution of the time-dependent Schrodinger
equation because it is made up from a linear combination of
solutions to the equation,

As a check, at t = © this correctly gives the known spatial form
of the solubion,

P(6,0) = ) hi(x) = P(x)

L
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Thus, if we ex[mnd the spatial wavefunction in the enerqgy
eiqgenstates at t = 0, we have solved for the time evolution o
the state thereafter;

we have no further integration to do, merely a calculation of
the sum to obtain the wt. ot each time of interest to us.

W(x,t) = Zci Y;(x,t) = Zci q;i(x) e—lEit/h

L L
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Time evolution of states

~N

We can predict the evolution of a quantum mechanical state,

W(x,0) = z ci Pi(x)

L

We take this state, we decompose it into a superposition of the
energy eigenstates.

WY(x, t) = Zci i (x) eI ELE/R
L
We add the complex exponential factors and we add up the
result o obtain the time evolution of the w.f.
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Eigenfunctions V(x)

wn(x)z\/%sin(%nx) —

We analyze the Linear superposition of ¥, and P, resulting in:
T : 27T :
PG = «/ 4 [sin (E x) e 1E1t/h 4 gin (? x) e 1B t/h]

Note thalt each eigenfunction is mui.&i,pi.ieci b:j the bime-
dependent complex exponential

e—iEi t/h

And bthe supérpasiﬁmn s normalized!
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linear superposition of ¥, and P, resulting in:

T : 27T .
W(x,t) = 1/ 1/, [sin (g x) e 1E1t/ 4 gjp (? x) e 1E2 t/h]

Let’s calculake bhe Frobabili&j cie.nsi,&j:

W (x,t)|? = 1/, [Sm (Z x) olE1t/h 3 cin (z:nx) ol Bz t/h]
[sin (E X) e~1E1t/h | gip (zn x) e~ 1E t/fl]=

d d

. 2 (T 22_7T) (E)(Z_”) 1(Ey;—E)) t/h 4 o—1(Ey,—Eq) t/R
Sin (ax)+sm (ax + Sin 7 X )sin\—Xx [e(z 1 +e (E2~Ex ]

a
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linear superposition of P and ;.
Let’s calculate bhe Prc}babitiﬁj demsi&j:

W(x,t)|? = 1/4 sin? Gx) + 1/, sin? (z—nx) +

d

+1/,sin (g x) sin (2—n x) [ei(EZ‘El) t/h 4 o —1(E2—E1) t/h]

d

[ei(Ez—El) t/h 4 oa—1(E2—E1) t/h] _ . (Ez ;E1 t)

W (x, t)]* =

2 E, — E 2
h 1/a [sin2 (g x) + sin? (gx) + 2 COS( 2 4 . t) sin (g x) sin (?nx)]
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linear superposition of ¥; and iy, the probability density: i

W(x, t)|* =

2 e — L 2
=1/ [sin2 (g x) + sin? (?ﬂx) + 2 COS( = E : t) sin (g x) sin (—nx)]

Is oscillating in time abt an angular ﬂfrequemav:

e (E2 —El) oL
NCE

The oscillating frequency depends only on the energy difference
E;-E1, and the absolute ehergy origin does not matter
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Let’s remember the single solutions y; and ¥,:
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The probability density for n=1
Wy, £)12 = |y ()" el B /R |y () e 7T ELE/R|= [y, (x) |2

The probabiti&v clensi,&j are
the same, W1 (x, t)|? = W7 (x) |2,

do nobk depend on kime:
The'j are s &Eiahar‘jf w2 /\
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Similarly for for n=2
W, (e, £)12 = | ()" el B2 /R |, (x) e 1Bt/ = gy, (x) |2

The Frobabitiﬁj c&emsi&j are
the same, |U,(x,t)]% = U (x) |2,

do not depend on ktime:
‘T‘hev are s aEiov\arv! W, /\
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linear superposition of P and ;.
Let’s calculate bhe Prababitiﬁv demsi&y:

() = \/%sin (%Tx)
W (x, £)|* =

y E,—E z
=1/ [sin2 (gx) + sin? (?ﬂx) + ZCOS( - > 1 t) & (gx) R (?nx)] B

= A[ 102 () 12 #1200 2 + 2cos (222 s () 12 (0 |
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Linear superposi&iom c:wf Y, and P,
Let’s calculate bhe Prmbabi‘,u&v demsi&v:

E
W0, 17 = 4 [ 103 O P+l () 12 4 2 cos (<) () 00|

W (x, t)|?
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Grenerally, a Linear superposition of two enerqy eigenstates 1,
and Y, with enerqy E, and E, gives a praba\biu% dev\siﬁv that
oscillates at the alkgular ﬁfrequ@\cv

Ea—Eb‘
h

Wap =

Hence, if we have a superposition wavefunction

¥ ,(x,t)=C, 0, (x) e~1Eat/h 4 C, Py (%) e—1Ept/h
The probabit&&v densi&v will be:

W (x, )2 =
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Hence, if we have a superposition wavefunction

W, (x, t) = C, Pylee) enlBatih L ¢, o, (x) e LEbt/H
The F’T'Ob&béi.iij demsiﬁj will be:

W (x,t)|°
= |Col*[Ya COI* + |Cp|* |1y (X)) |2

b 216," b0 )Gty ()] cos | (F21) ~ 0,

Where  @gp=arg(Caa(x) Cp ¥y (%))



-

DEGLI STUDI

Linear superposition for the harmonic oscillator

Materials
Science

2
%)
~
55
2
Z
-
B

== ONVTIN Id

N
~O

Lebt’s remember the ¥, and ¥, for the harmonic oscillator
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Let’s remember the ¥, for the harmonic oscillator

The wf. adding the
time dependent factor:

W, (x, 1) = Po(x) e 1Eot/h

The Probo\bai‘,&v densi&:j
ts still the same

Potenziale
X

[Wo(x, t)]* = [Po(x) |2
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Let’s remember the ¥, for the harmonic oscillator

The wf. adding the
time dependent factor:

W, (x, ) = 1y (x) e 1Eat/h

The Probo\bai‘,&v densi&:j
ts still the same

Potenziale
X

(W1 (x, t)]* = [Py (x) |2
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A superposition of Py and P, will get a Frob&bui&j density
oscillating at the angular {requ@\tv

k1 — Eg
W =
h

The probabiti&v density
will be:
¥ (x, )% = [o(x) + Y1 (X)|?
= | ()]* + [ (x)]*
+2cos(wt)Po(x) Py (x)
e 3
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The Linear super[wsa&wns Ehak aorresgom& best ko ocur classical
understanding of harmonic oscillators are khown as

“coherent sktakes”.

The coherent state for a harmonic oscillator of frequency w is

BE) = Y Cun () e (PHD)0
n=0

Where and

Crn® ¥n® = (=)

!
\ n.

~§2/2
mHn(f)e
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The modulus squared of the expansion coefficietnts
N" e N
n!
Is the Poisson diskribubtion with wean value N
and standard deviation VN

|CNn|2 _

This is explaining, for example, the Poissonian distribution in a Laser
beam
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Lelb’s plot the probabiliby densiby:
f ! I e Wy, 0]

Wy(Et) = Y Cn Y ()0
n=0

Where

Nne—N

CNn N

Vn!
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Lelb’s plot the probabiti&v densi,&tj:
|LIJN (61 t )|2

PNEE) = ) G i(§) e ()l
n=0

Where
Nne—N
N=100

The diskribution is now much

sharper, but the amplitude is increasing,
keeping same area. 2
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The skarg F‘Q{M«f‘ here is qoing
backwards and forwards, beginning to Wy (&, t)]°
looie qué&e lilkke a classical oscillator.

N=100

For Large N, the probability distribution
will appear to be very Localized relative
ko the size of the oscillation,

Thus, we do have o correspondence bhak
we can get from the quantum back to the
classical,
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In general, a system i a linear

super osikion o mu&i,[pi.a anerag elgen

skabes does nobk have a simpt& rMonie W, (&, t )|2
E. N )

mokion

N=100

Any Linear superposition of two different
stofes will oscillate ot a frequenc
correspoiding to the energy separation
of the two states,

But the simple oscillatory motion, when
we have a &ompti&a&ed superposition of a
Large number of states, as in the coherent
state, is a special consequence of the fact
that all the enerqy levels are equally
spaced (or with liteger ratio).




