Operators
(functions and
operations)

Fundamentals of Quantum Mechanics for Materials Scientists
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» An operator is a “rule” prescribing how to change one vector |a) of a linear vector space H,
iNnto another abstract vector, |B) of the same or a different vector space

N
‘ ﬁ ) — T ‘ a) *note that T acts on |a) (right side) and is place close to

the vertical line of the ket
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» A linear operator can be also seen as a linear function which maps H into itself. In other words,

to each |a) in H, T assigns another element T|a) in Hin such a way that:

T (ala) + bly)) = aTl|a) + bT|y)
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Examples of operators:

» Identity operator la) = I|a)
» Differentiation operator g(x) = D|f) = Z—i
» Gradient operator Vi(x,y,2) =exSf/5x +e,5f/85y +e,5f/5z

» It also possible to define an operator acting on a bra vector by making the Hermitian
conjugation of |B) =T|a) :

(Bl =(a| TT

You may note that the operator is applied to the right of the bra (still closer to the vertical line)...
Why?¢
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» It also possible to define an operator acting on a bra vector by making the Hermitian
conjugation of |B) = T|a):

(Bl =a| TT You may note that the
N operator is applied to the right
"'—Q\D [ b of the bra (still closer to the
a / J vertical line)...
: [ o ,bl. Why?
N : e | T 7
. "15 -—lt‘)”ﬂ L @VJ + [ L A
- yr 4
Nx g Nx1 {XN = (b L gm]

ﬂ EJ\Z}:[‘\TX]’]W <°<l quﬁi e
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and (Bl = (al| TT
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OPERATORS in quatum mechanics ::

» SO, we confirmed the “formal” rule of Hermitian

conjugation of a matrix by the “operational” rule of the
Hermitian conjugation of the matrix operator

T-]- i (T*)T
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» It also possible to define an operator acting on a bra vector by making the Hermitian
conjugation of |B) = T|a):

(Bl = (a| TT

In This case we know how 1o make the Hermitian conjugate
of the matrix, hence of the matrix operator T, but in general
we do not have any clue except for the definition of inner
poroduct, that we may use to get an expression of T

So, | will make the inner product between |[B) and Tla)
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The inner product will be: (I8N Tla) = (B|T|a)
which Is often called as a mairix element

..but we know that <«lB> = <§Sl°k>*
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The inner product will be: (I8N T|a) = (B|T|a)
which Is often called as a mairix element

..but we know that ~ <«IB> = {B[a)”

S0 BIT|a)” = (a| TT|B)

AN

By using this equation, we can get  TT



DEGLI STUDI

é
2
a4
—_
2
Z
-
]

OPERATORS in quatum mechanics

[jlo e o exompld
Dlry=db

Q x

== ONVTIN Id



OPERATORS In guatum mechanics

= 3
B I COCCA

N.B.: Integration by parts

f% (x\%\(/xﬁ Ql% = 9(2{) 7[@ —-[72&) g(x

9' )
dx
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» Very important definition:

if (BIT|a) = (a|T|B)

and so TI=N (an operator and its Hermitian conjugate are equal)

The operator is called Hermitian operator (or self-adjoint )

Such operators have important properties that will be discussed later...
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» The collection of all operators is itself a linear space, since
a scalar fimes an operator (a = T) is an operator, and the

sum of two operators is also an operator

The operator (a T + b §) applied to an element |a ) of H

vields the result:

(@T+bSa)=aTla)+ b S|a)
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» The product T S of two operators T and S is the operator
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obtained by first applying S to some ket, and then T to the ket

which results from applying S:

(T §)|a) — (S'Ia))

Of course, In case of bra vector, the order will be opposite:

(al(Tﬁ) = ((aIT).§
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The product T S of two operators T and S is the operator obtained by first

applying S to some ket, and then T to the ket which results from applying S:
(T S)la) = T (Sla))

» Thus, I Is evident that operator multiplication, unlike

multiplication of scalars, is not commutative, and in

general: TS+ ST
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OPERATORS (functions and operohons)

» In the exceptional case in which
TS=ST
one says that these two operaftors commute

In general, we can define the commutator of two operators:

[7,§] = 7§ — §F

The commutator is often the most important information that you can have
about the two operators
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We have seen the identity operator [ :  |a) = [|a)
» We can then define the inverse operator T~1:

A\ AN AN AN A

Tu NS 1 = |

And thus:

If Tla) = |B)
Then o) =5
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We have seen the identity operator [ :  |a) = [|a)

» We can then define the inverse operator T~1: A f ~ -l (T
o~ A e - | R
D | = B
) 1 1
e 1

Iij — 51]

A matrix has an inverse if and only If Its determinant is nonzero, in fact:

1

T -1 — = CT where C is the matrix of cofactors
detT
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OPERATORS (functions and operohons)

One can easily show that
(TS‘)T = ST 7t

Then, if the two Operators are Hermifian:
(TSt =$7
But in that case:

(7, 81t= (75 - $T)" = (73)"- (37)'= § T- 8= - [T, 3]

Operators that change sign upon Hermitian conjugation are anti-Hermitian
Thus, the commutator of two Hermitian Operators is anfi-Hermitian
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N.B. The commutator of two Hermitian Operators is anti-Hermitian
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Let's put |T, S| = -

Then B is anti-Hermitian and :

Bf=-B

1 A=iB then: AT=-iBt=iB=4 thus A must be Hermitian.
Hence: [T g]: iA

If the commutator is a number: IT,S]=

Where a is real.

We could consider a as a vector, hence A will represent a real function,
and it is Hermitian.
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We could consider a as a vector, hence A will represent a real
function, and it Is Hermitian.
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For the same reason:
the potential V(x),

which can be represented by an operator V (diagonal matrix),
If 1T iIs a real function, then its corresponding operator is Hermifian.
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The potential V(x),

which can be represented by an operator V(diagonal matrix),
If 1T Is a real function, then its corresponding operator is Hermifian.
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We have seen that the differential operator D is anti-Hermitian.
But one can easily prove that i < is Hermitian

dx
2
Also — is Hermitian, thus also the operator V2 is Hermitian.

dx?2

2
Thus, H = —:L—mvz +V(r) IsHermitian
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Figenvalues and Eigenvectors

In general we have seen that the result of an operator applied to a vector is another different vector.

There is a class of vectors, called eigenvectors, that are not much changed by
some operators, but they are multiplied by a number (called eigenvalue)

Tla) = Agla)

» For each eigenvector there might be one and only one corresponding eigenvalue.
» For each eigenvalue we may have more than one corresponding eigenvector.

» If for each eigenvalue there exists only a single eigenvector, we describe this eigenvalue as
non-degenerate

» If several eigenvectors correspond to the same eigenvalue, the respective eigenvalue is
naturally called “degenerate”

» Any (nonzero) multiple of an eigenvectors still an eigenvector with the same eigenvalue
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Figenvector equation: Tla) = 1,|a)

» With respect to a particular basis |a) = aqle;) + Az|ez)+...+ ayle,)

the eigenvector equation assumes the matrix form:
Ta=1a (with nonzero a vector)

(T — Al)a=0 (0 is the zero maitrix)

And because a may not be 0 by assumption, then the determinant of (T — Al) must be O:

det(T — Al) =0



-

DEGLI STUDI

Science

Figenvalues and Eigenvectors

2
%)
~
55
2
Z
-
B

N Materials

(00)

== ONVTIN Id

Because a may not be 0 by assumption, then the determinant of (T — Al) must be O:

Tll = A T12 - TlTL
det(F—ap=| 2 T4 - T |9
Tnl Tnz Tnn — A

Expansion of the determinant yields an algebraic equation for A :
CnAn + Cn_l;{n_l + + Clﬁ + CO

This is called the characteristic equation for the matrix allowing 1o calculate the eigen-values.

To construct the corresponding eigenvectors one should plug each 4 back into equation
Ta=21a and solve for the components of a.
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Find the eigenvalues and eigenvectors of the following matrix: :

a0 —2
1W=<—2i l Zi)
0 —1

M-211) < [
=~/ 1)-A 0 0
1 0 -

OH' (W - >\ I\ =0 quﬁg Wm



Eigenvalues and Eigenvectors

oh} (Mvhm F L- A T
RO R )
1 0 A=)

i
AWC@ / %L‘: i L )fﬁb Q/

NIVERSITA

.
>
Z

= o
CORNBICOCCA

|

= o)) - (e

&;

1
:(z‘o% -zMj \thfu-za
3 -
= 4N o) - A Lod ¥ i 20 - PR
= *X]—K’lﬂ) N-'/La i)



Figenvalues and Eigenvectors
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Figenvalues and Eigenvectors
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» If several eigenvectors correspond to the same eigenvalue, the respective eigenvalue is
naturally called “degenerate™

» To distinguish between different eigenvectors belonging to the same eigenvalue, | need an

additional index
T |/L ﬂn) = A |/L Hn)

A is n-fold degenerate

Any linear combination of these vectors is again an eigenvector belonging to the same
eigenvalue

In fact, if |a>= aq |A, Ml) + aZl/L :u'2>
Then T le)=T(ay |14, 1) + az|A, 1)) = aqg AlA, py) + az A4, pp) = 2 |a)
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» Consider two operators commuting operators T and S. Also assume that A7 is a non-degenerate
eigenvalue of T with eigenvector |ur). Then, this vector is also an eigenvector of the operator S.

it TS =ST andTlur) = Ar lur) then  Slur) = Ag lpr)
Proof:
ST|ur) = SAr lur) = ArS|ur)
TS|ur) = ApS|ur)
So S|ur)is also an eigenvector of T with still the same eigenvalue A

But \/\J?e irpposed that A7 is nondegenerate, so S|ur) may differ from the initial |ur) only for a
constant:

§|MT) = Aslur)
thus |ur) is also an eigenvector of S.

» The non-degenerate nature of the eigenvalue of T is essential here. But it can be also proved that one can always form such a
linear combination of these degenerate eigenvectors which will become an eigenvector of S
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Hermitian Operators and Observables

» If you think a bit about Operators, eigenvalues and eigenvectors and all the
prosperities that we have discussed, you may find several similarities with
Observables, Values of observables and guantum states.

» In fact, the connection is established by some postulates:

1. “Every observable is represented in guantum theory by a Hermitian
operator”

2. "If an operator is created fo represent an observable,
Its elgenvalues iIndicate possible values of a measurement of that

observable, .
and the eigenstates define the guantum state of the system”

Why the operator should be Hermitian? This is due to several properties of the Hermitian Operators...
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Hermitian Operators (properties)

» The eigenvalues of Hermitian operators are real
Proof.
Assume that A is an eigenvalue of T with eigenvector |u):

Tluy = Ap).
If | multiply everything by (u| then:

wliW:w Ay = D <]
o Expectotion Vol (iFs 0 ual muber)

)T = N <l




Hermitian Operators (properties)
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Hermitian Operators (properties)
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» The eigenvectors of a Hermitian operator belonging to distinct
eigenvalues are orthogonal.
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Hermitian Operators (properties)

» The eigenvectors of a Hermitian operator belonging to distinct
eigenvalues are orthogonal.

Proof.
Assume that 4; and 4, are two different eigenvalues:

Tlw) = 24lug)  and  Tlug) = Az|p2)
If | multiply everything by (u,| the first one and (u,| the second one, then:

(MZ\"H/LR = A G|
My \ Jr\ N >\L </44\}h>
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Hermitian Operators (properties)

Proof.

QAZ\‘T'I/LR = A |
My \ '/r\ I >\L <//4\}h>

_/;> >\1 qﬁ\ﬂb i >\L </Az\/%>

bl AL, ouy pel
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» The eigenvectors of a Hermitian operator belonging to distinct
eigenvalues are orthogonal.

Proof.
Assume that 4; and 4, are two different eigenvalues:

Tlw) = 24lug)  and  Tlug) = Az|p2)
Then:

(Uzlpq) =0 QED
THE EIGENVECTRORS OF HERMITIAN OPERERATORS ARE ORTHOGONAL

We do see the link between the concept of mutually exclusive states
and orthogonal states, being eigenvectors of Hermitian operators.
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Hermitian Operators (properties)

» The eigenvectors of a Hermitian Operator span the space, or in other
words the collection of Eigenvectors of Hermitian Operators form @
complete basis in the Hilbert vector space, still other words, any state in

the respective Hilbert space may be represented by a linear
combination of the Eigenvectors.

In fact, if we consider a generic state |a) :

@) = aqlq1) + azlq;) taslgqs) +--- = Zliv=1 a; |q;)
Now, q; are the eigenvectors here.
Remember that a,= (q,|a)

Then la) = Xl lgiXqila)= (1g:{q;]) a)



Hermitian Operators (properties)

Then @y =3, lgada)= Y (|adaD) |e)

Projector operator P Dla) = |g;Xq;|a)

And one can easily demonstrate that Zlivzl lgiXq;| =T

Indeed, proving that N.ia;lg) = |a)

In fact:

a;=(q|a) io1 @i 19:) =%ilqlq:)a;= i=1|Qi>(Qi|a>:|a>
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Projector operator P O|®) = |y, W, |¥)

And one can easily demonstrate that [, X, | =T

Indeed, proving that .. c, |Y,) = |¥)



