
Continuous random 
variables
&
the Gaussian distribution

DIPARTIMENTO DI MEDICINA E CHIURGIA



Continuous random variables
It can take on an infinite number of values included in an interval of
finite or infinite amplitude.

->The probability for any single value is 0 P(X=x)=0
->A probability is assigned for a range of values P(a<X<b)0

Example

What is the probability of having 
a BMI of 23 kg/m2?

What is the probability of having 
a BMI < 18 kg/m2?



From discrete to continuous…
… bins smaller and smaller, n ->∞



Expected value and variance for 
continuous random variables



Uniform (rectangular) Distribution

A continuous random variable has a uniform 
distribution if its values are spread evenly
over the range.  The graph of a uniform 
distribution results in a rectangular shape.



A density curve is the graph of a 
continuous probability distribution.  It 
must satisfy the following properties:

Density Curve

1.  The total area under the curve must equal 1.
2.  Every point on the curve must have a vertical 

height that is 0 or greater. (That is, the curve 
cannot fall below the x-axis.)



Because the total area under the 
density curve is equal to 1, 
there is a correspondence  between 
area and probability.

Area and Probability  



Using Area to Find Probability

Given the uniform distribution illustrated, find the 
probability that a randomly selected voltage level is 
greater than 124.5 volts.

Shaded area 
represents 
voltage levels 
greater than 
124.5 volts. 
Correspondence 
between area 
and probability: 
0.25.



Gaussian distribution



10

The random variable Gaussian plays a fundamental role 
because:

• describes well the manifestation of many phenomena, 
for example:

 Measurement errors (Gaussian genesis)
 Morphological characteristics (height, length)

• enjoys important properties (relevant technical aspect)

Gaussian (or normal) distribution

Karl Friedrich Gauss
(1777-1855).
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If a continuous random variable has a symmetric 
and bell-shaped distribution and it can be described 
by the following  equation we say that it has a 
normal distribution.

Gaussian (or normal) distribution

Karl Friedrich Gauss
(1777-1855).
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e: Euler's number, - mathematical constant 

approximately equal to 2.71828
π: mathematical constant, approximately 

equal to 3.14159

Distribution determined by fixed values of mean and standard 
deviation
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Gaussian distribution & 
measurment errors

The random measurement errors (ε = x - μ), taken as a whole, show a typical 
behavior that can be described as follows:

1. small errors are more frequent than 
large ones;

2. errors of negative sign tend to occur 
with the same frequency as those with 
a positive sign;

3. as the number of measures increases, 
2/3 of the values   tend to be included 
in the interval mean ± 1 standard 
deviation & 95% of the values   tend to 
be included in the interval average ± 2 
standard deviations
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Gaussian parameters:  and 

N(=60, =12) 
N(=80, =12)
N(=100, =12)

N(=80, =4)
N(=80, =12)
N(=80, =24)
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The standard Normal distribution: z score
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The standard normal distribution is a specific normal distribution having the 
following three properties:
1. Bell-shaped (gaussian)
2. =0 - null mean
3. =1  - standard deviation equal to 1
The total area under its density curve is equal to 1 (corresponding to a 
probability of 100%) 

N(=0, =1)
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Example: Bone Density Test

A bone mineral density test can be helpful in identifying the presence or 
likelihood of osteoporosis, a disease causing bones to become more fragile and 
more likely to break. The result of a bone density test is commonly measured as
a z score. The population of z scores is normally distributed with a mean of 0 
and a standard deviation of 1, so test results meet the requirements of a 
standard normal distribution.

1) A randomly selected adult undergoes a bone density test. Find the 
probability that this person has a bone density test score less than 1.27.

From Triola & Triola book

The Gaussian functions are not integrable and should be tabulated. 



The z score –tabulated values of areas
(probabilities)



P(z < 1.27) = 

Example : Bone Density Test

1) A randomly selected adult undergoes a bone density test. Find the 
probability that this person has a bone density test score less than 1.27.



Look at Table A-2



P (z < 1.27) = 0.8980

Example : Bone Density Test

1) A randomly selected adult undergoes a bone density test. Find the 
probability that this person has a bone density test score less than 1.27.



The probability of randomly selecting an adult
with bone density test score less than 1.27 is 
0.8980.

Example : Bone Density Test

P (z < 1.27) = 0.8980



Or 89.80% of adults will have bone density 
test score below 1.27.

P (z < 1.27) = 0.8980

Example : Bone Density Test
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Example : Bone Density Test

A bone mineral density test can be helpful in identifying the presence or 
likelihood of osteoporosis, a disease causing bones to become more fragile and 
more likely to break. The result of a bone density test is commonly measured as
a z score. The population of z scores is normally distributed with a mean of 0 
and a standard deviation of 1, so these test results meet the requirements of a 
standard normal distribution.

1) A randomly selected adult undergoes a bone density test. Find the 
probability that this person has a bone density test score less than 1.27.

2) A bone density test reading between -1.00 and -2.50 indicates that the 
subject has osteopenia, which is some bone loss. Find the probability that a 
randomly selected subject has a reading between -1.00 and -2.50.

3) Find the bone density score corresponding to P95, the 95th percentile. That 
is, find the bone density score that separates the bottom 95% from the top 
5%. 

From Triola & Triola book
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Exercise: Bone Density Test

2) A bone density test reading between -1.00 and -2.50 indicates that the 
subject has osteopenia, which is some bone loss. Find the probability that a 
randomly selected subject has a reading between -1.00 and -2.50.

1. The area to the left of z = -1.00 is 0.1587 P(z<-1)=0.1587. 



24

Exercise: Bone Density Test

2) A bone density test reading between -1.00 and -2.50 indicates that the 
subject has osteopenia, which is some bone loss. Find the probability that a 
randomly selected subject has a reading between -1.00 and -2.50.

1. The area to the left of z = -1.00 is 0.1587 P(z<-1)=0.1587. 
2. The area to the left of z = -2.50 is 0.0062 P(z<-2.50)= 0.0062.
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Exercise: Bone Density Test

2) A bone density test reading between -1.00 and -2.50 indicates that the 
subject has osteopenia, which is some bone loss. Find the probability that a 
randomly selected subject has a reading between -1.00 and -2.50.

1. The area to the left of z = -1.00 is 0.1587 P(z<-1)=0.1587. 
2. The area to the left of z = -2.50 is 0.0062 P(z<-2.50)= 0.0062.
3. The area between z = - 2.50 and z = - 1.00 is the difference between

the areas found in the preceding two steps:



P(a < z < b) 
denotes the probability that the z score is between a and b.

P(z > a)
denotes the probability that the z score is greater than a.

P(z < a)
denotes the probability that the z score is less than a.

Notation
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Exercise: Bone Density Test
3) Find the bone density score corresponding to P95, the 95th percentile. That is, find 
the bone density score that separates the bottom 95% from the top 5%. 



Finding a z Score When Given a 
Probability Using Table A-2

1. Draw a bell-shaped curve and identify the region under 
the curve that corresponds to the given probability.  If 
that region is not a cumulative region from the left, work 
instead with a known region that is a cumulative region 
from the left. 

2. Using the cumulative area from the left, locate the 
closest probability in the body of Table A-2 and identify 
the corresponding z score.



5% or 0.05

(z score will be positive)

Finding the 95th Percentile

Exercise: Bone Density Test
3) Find the bone density score corresponding to P95, the 95th percentile. That is, find 
the bone density score that separates the bottom 95% from the top 5%. 



Finding the 95th Percentile

1.645

5% or 0.05

(z score will be positive)

Exercise: Bone Density Test
3) Find the bone density score corresponding to P95, the 95th percentile. That is, find 
the bone density score that separates the bottom 95% from the top 5%. 
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Exercise: Bone Density Test
3) Find the bone density score corresponding to P95, the 95th percentile. That is, find 
the bone density score that separates the bottom 95% from the top 5%. 

INTERPRETATION
For bone density test scores, 95% of the scores are less than or equal to 1.645, and 5% 
of them are greater than or equal to 1.645.
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Example:

Hearth rate (beats per minute)
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N(=72, =13)

Adults have pulse rates with a mean of 72 bpm (beats per minute), a standard 
deviation of 13 bpm, and a distribution that is approximately normal (data from 
GISSI-HF prevention trial).
The normal range is generally considered to be between 60 bpm and 100 bpm. 
What is the proportion of adults who are expected to have Tachycardia (pulse 
rates greater than 100 bpm)?
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How can we do with PULSE variable?

pulse~N(72,13)

In order to work with any nonstandard normal distribution (with a mean 
different from 0 and/or a standard deviation different from 1) 
the key is a simple conversion that allows us to “standardize” any normal 
distribution so that x values can be transformed to z scores; then the methods 
of the preceding section can be used.



Converting  to a Standard 
Normal Distribution

x – 
z =

Round z scores to 2 decimal places
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Exercise

In GISSI-prevention trial we noted that pulse rates of adult are normally 
distributed with a mean of 72 bpm and a standard deviation of 13 bpm. 

1)Find the proportion of adults with a pulse rate greater than 100 bpm. These 
are considered to be at a high risk of stroke, heart disease, or cardiac death.

2) Normal pulse rates are generally considered to be between 60 bpm and 
100 bpm, find the percentage of subjects with normal pulse rates.

3) Find the pulse rate that separates the highest 1% from the lowest 99%. 
That is, find P99.

pulse~N(72,13)



µ=72

Z=2.15
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Exercise

In GISSI-prevention trial we noted that pulse rates of adult are normally 
distributed with a mean of 72 bpm and a standard deviation of 13 bpm. 

1)Find the proportion of adults with a pulse rate greater than 100 bpm. These 
are considered to be at a high risk of stroke, heart disease, or cardiac death.

pulse~N(72,13)

Z=(100-72)/13=2.15



µ=72

Z=2.15

0.0158
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Exercise

In GISSI-prevention trial we noted that pulse rates of adult are normally 
distributed with a mean of 72 bpm and a standard deviation of 13 bpm. 

1)Find the proportion of adults with a pulse rate greater than 100 bpm. These 
are considered to be at a high risk of stroke, heart disease, or cardiac death.

pulse~N(72,13)

Z=(100-72)/13=2.15

P(X>100)=P(Z>2.15)=1-P(Z<2.15)=
1-0.9842=0.0158



2) Normal pulse rates are generally considered to be between 60 bpm and 
100 bpm, find the percentage of subjects with normal pulse rates.

Z=(60-72)/13=-0.92
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Solution

µ=72

Z=2.15Z=-0.92



2) Normal pulse rates are generally considered to be between 60 bpm and 
100 bpm, find the percentage of subjects with normal pulse rates.

Z=(60-72)/13=-0.92

P(X<60)=P(Z<-0.92)=0.1788 (from the table)
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Solution

µ=72

Z=2.15Z=-0.92



2) Normal pulse rates are generally considered to be between 60 bpm and 
100 bpm, find the percentage of subjects with normal pulse rates.

Z=(60-72)/13=-0.92

P(X<60)=P(Z<-0.92)=0.1788 (from the table)

P(60<X<100)=P(-0.92<Z<2.15)=
=1-0.0158-0.1788=0.8054
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Solution

µ=72

Z=2.15

0.8054

Z=-0.92
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Solution

3) Find the pulse rate that separates the highest 1% from the lowest 99%. 
That is, find P99.

P(X>x0.99)=P(Z>z0.99)=0.01

z0.99=2.33 (from the table)
µ=72

z=2.33



If a distribution of data is approximately symmetric and bell-shaped, 
about 95% of the data should fall within two standard deviations of 
the mean.

Conversion of percentiles into z-scores

Note 1 - z-score puts values on a common scale
Note 2- z-score is the number of standard deviations a value falls from the mean

The z-score for a data value, x, is 
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Histogram with Gaussian
approximation – intervals around 

=68%



=95%

Histogram with Gaussian
approximation – intervals around 



=99%

Histogram with Gaussian
approximation – intervals around 


