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Fundamentals of Quantum Mechanics for Materials Scientists
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In classical mechanics, a rigid object admits two kinds of
angular momentum: orbital (L = r x p), associated with the
motion of the center of mass, and spin (S = Iw) associated with
motion about the center of mass.
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Also in quantum mechanics, in addition to orbital angular

momenbum, associated with the mobtion of the electron around
the nucleus (for the H atom), the electron also carries another
form of angqular momentum.

Bub, it has nothing to do with motion in space :
elementary particles carry intrinsic angular momentum (S) in
addition o their "extrinsic" angular momentum (L).
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The algebraic theory of spin is is identical to the theory of
orbital anqular momentum, including commutator rules:

S, S,y | SIS [ S =R [S;, Skl =iRS,

We can represent the magnitude squared of the spin angular
momentum vector by the operator:

SRR S

It is not surprising that:
[S2, Sy =N SERE RSeS| = 0



Spin operators

By analogy with Orbital am., spin operators satishy:
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But here the eigenvectors are not spherical harmonics, and there is no
a priori reason to exclude the half-integer values of s and m:

<$=o0,5, -0 R L. S-1 S

Every elementary F&r&ide has o specific and immutable value

of 5, which we call the spin of that particular species: pi mesons have
spin ©; electrons have spin 1/2; ?kofzcms have spin 1; delkas have spin
3/2; gravitons have spin 2; and so on...
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By far the most important case is s = 1/2, for this is the spin of the

Fmr&i.f.:tes that walke up cwrdimocrv matter such as Fpro&ovxs, neubtrons, and
electrons,

There are just two eigenstates:
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Spin 1/2

We can derive the Spin operator by tnvestigating their effects on the
elgen-spinor:

e St smy = A 5 (5+) [sm>
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Spin 1/2

We can derive the Spin operator by tnvestigating their effects on the
elgen-spinor:

fum SEA. =3 v
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One can derive:
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Because they all have #/2 foctor, its convenient to write:
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These are the famous Pauli spin matrices
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Thus, we have the eigenspinor of Sz
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it ;Zcm measure Sz ol a far&icte in the general state X you could get
+k J )

with probability |aff, or -k/2, with probability [b[2.
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One can show that the eigenvalue of Sx are skill %% and -%+ with
eltgenvectors:
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One can show that the eigenvalue of Sy are still 154 and =1h with
eltgenvectors:
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Spin magnetic moment

—

According to classical physics, a small current loop possesses a
magnetic moment of maghitude:

In a magnetic field B there, the magnetic dipole moment will
experience a torque pxB, which tends to Line up the dipole to the field
The energy associated to this torque is:
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According to classical physics, a small current loop possesses a
magnetic moment of maghitude:

In o semi-classic picture the electron orbiting

i the atom can be considered as a current
Loop:

T: C = ZR'/Z Z/S ._.’e-» - '_ﬁ-‘ﬁ-
\/d,,afg & W)
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In o semi-classic picture the electron orbiting
i Ehe aktom can be considered as a current

)= ek end =l
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In o semi-classic picture the electron orbiting

in the aktom can be considered as a current
Loap:

—3 P 7
i, - WW%’; 7, = e
ZWQ P o 0 /M(

If a magnetic field B is present, I can
calculake the enerqy Linked to this magnetic

mowmenk:
e -
E = —/’L ) B A Z B Y
g s ::__e/-» 2 — == U gM;_,Q-7%/M
t VoY > H 2/, thet ZMe



DEGLI STUDI

Materials
O Science

Spin magnetic moment

©3 UNIVERSITA

== ONVTIN Id

—

In o semi-classic picture the electron orbiting

in the aktom can be considered as a current
Loap:

/{IZ:‘GL W /\~'€,/(:

-6 = — M, S

Z Me e — 2 Mg
The QV\OJ.CJS'j bebween s[aEM and orbital angular
momentum sugqgests that there may be a
similar relationship bebween magnetic moment
and spin angular momentum, We can write:
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where g is called the g-factor. Classically, we
would expect g=1 but for reasons that could be
explained by relativistic theory, here

g:=2.0023192

We cain also wrike:

e S L (- )

gyromaghetic ratio
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Spin magnetic moment

Ms = b/g

Also in this case we can find the enerqy associated to the dipole
i presence of the magnetic field B:

—

/\
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Also in this case we can find the enerqy associated to the dipole in presence of
the magnetic field B:

—>
u —D

n= g€ i°€:’X§%'B

L me

Imagime a particle of spin 1/2 at rest in a uniform magnetic
field, which points in the z2-direction:

B/’E}gé ’:PH:“XBOg:
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Spin magnetic moment

H=-x8% /9
2z (o

The eigenstates are the same of Sz, and the eigenvalues will
have just an extra mulkiplicative term yB.

X, v
.

. ~or Bk

¢
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The general solukions must satisfy the EAS.E.:
o % R

And can be written in term of Linear combination of stationary stotes:
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Spin magnetic moment
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Spin magnetic moment
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(Sy >=-% 5m) 5o (Y Bot)

<§% > = léi CO)@)
The expectation value of the spin
angular momentum vector
y

subtends a constant angle a with
the z-axis, and precesses about
this axis at the Erequemav

", :\{ &o A ef/VV\Z Z/@W\MOZ Fu%ng
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Spin precession
CSy>=E A co (6.8
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(Sy >= - zg Nom () /M’)({Bo@

(52 ) = l}fﬁ Cor@)
(D = e

This result is what one would
expect classically, but with the
expectation value of § instead of
the classical momentum vector.

\
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Furnace

Inhomogeneous
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e The Stern-Gerlach experiment (1922):

Classical

% Z/ /VVl prediction What was
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e The Stern-Gerlach experiment (1922):
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The three components of the orbital angular momentum operator, Lx, Ly, and Lz,
obey the commutbation relations that we have seen Pre_kusi.j, which can be
wri&e&\ in the convenient vector form: \
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z__ X L = w 7/% L 5 | ’B
Similarly for spin angular momentum operators:
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One can also see thak:
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N.B. the two Ej{es of “motion” represented by the angular momentum operators are unrelated, thus it
s reasonable’to suppose that the two seks o opero&ors commute with one another...
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Spin-Orbit

Leb us now consider the eleckron’s bkokal anqular momentum vector:

5=

One can show Ehak:

3 X D=

It is thus evident that the three components of the total angqular momentum
operator cbej analogous commutbation relations to the c:c»rresrmndiv\g orbital
and spin angular momentum operators...it is obvious that the total angular
momentum has similar properties to the orbital and spin angular momenta.
Thus, it is only Possibi& to simultaneously measure the magnitude squared of the
total angular momentum vector, and only one of its single components:

5’1( jl:o 3= Sxt 3 +3:
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We can also write:
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And one can show Ehak:
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Thus Jz has simullaneous eigenstate with L2 $? Lz and Sz: l/v\ IX S m //M5> g
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But Jz has simultaneous eigenstate with L2 $? and 9%
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Simultaneous eigenstate for L2 $2 Sz and Lz in separable form:

ot = Rald 1 (00) A,
WMII(MI~% = &M,( @ >{/t’”' (&.{ Y> X,

we can express the eigenstates ¥, 1/2,m a5 linear combinations of them
(lek we omit the Radial Part and index n, which are common to all these states)

%('5;”'”5% L L{/Xl,w\l,% JrP %(1’”‘»‘%

y

m Witk a\1+j32:1_
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Funally I obkain:

[+m + 1)/2 | —m\'/?
Vit1/2m+1/2 = ( 21+ 1 ) Um1/2 + (2 I+ 1) Wm,—1/2
s (
| —m\'/? B 1,/
Vi—1/2m+1/2 = (2 I + 1) Win1/2 — ( 21+ 1 ) Win,—1/2
o NS

«”,;%%w_ etz T { I At

Clebsch-Gordon coefficients &

We will see them bebber in a while
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But why I ntroduced J total angular momentum operator?

...let’s see the effect of a magnetic field on the H atom:
The effect on the Hamiltonian will be?

Hg,:(Q«Ba/L’W‘(B CE\%{—QSSA\?)

I Materials
O Science

-

DEGLI STUDI

=
[%2]
a4
—_
2
Z
-
]

== ONVTIN Id

H‘:H‘\‘Hg W Qﬁﬂ H‘(”‘,El”"‘/””s>fEm]M,¢)M1M1>

M‘ﬁ 9’&/ ijﬂm %ﬁu@ftb%ﬁ o2 Q{tﬁ %ooél f



DEGLI STUDI

Spin-Orbit Hydrogen atom

hé
[%2]
a4
—_
2
Z
-
]

I Materials
O~ Science
== ONVIIN IAd

But why I ntroduced J total angular momentum operator?

...let’s see the effect of a magnetic field on the H atom:
The effect on the Hamiltonian will be?

f‘(‘ (M,ﬁ,/wl,mg> :EM IMI()M[M/5>

—

KH*H%B ’MI/(1M(M3>::’£V\ IM,ll/]M(,mA' ; éBQ/ZW¢>@%+55§%>MJ,M/M,J>
= EM/M, { 0, 01> (Q/Bm@/gm) (/bn+3$mﬂ> | { /m//tno>
— ﬁ:/"' '7“-5 3o (Mf_j" Wﬁ)? /M/ /{I/M//”"_'>>
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Spin-Orbit Hydrogen atom

But why I ntroduced J total angular momentum operator?

...let’s see the effect of a magnetic field on the H atom:
The effect on the Hamiltonian will be?

f‘(‘ (M,ﬁ,/wl,mg> :EM IMI()M[M/5>
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...lets see the effect of a magnetic field on the H atom:
The effect on the Energy will be?

Eﬂ\l”ﬂ’/wlg = EM ’*/QB 3o (M*j" Wé)

Strong magnetic Field bubt what does
No Field / Lk meain SET‘OV\S?
| 0,0,+1/2 1,0+1/2

PRI = = = = = = = PR ENE = = =« = == === -j --------------------------------------------- .o-- E:_Ez

25
L:‘-o ' | e SR g
¥ 0,0,-1/2 1,0,-1/2
ms=21/2
0,0,21
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.but what does ik mean sktrong magnetic field?

From the “point of view” of the electron, it Looks Like
the proton is orbiting around the electron.

According to the Biot-Savart law, the magnetic field

Due to the current (charge motion) is: /
B:/’/{/DL :/{'Lloe- »/uoﬁL
v RUEE T B m
2 L T t\/) ;Mfc»/( t‘a
blui’ C?': A D —D _M* P@Z:oﬂl @:ﬂ
ik ;> B g O L F K&JLMM %Va&ﬁb’iy
3 2
QWEO [Z/MCC L:MQ/U’ _I__:Z-L—(/——/L
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.but what does ik mean sktrong magnetic field?

From the “point of view” of the electron, it Looks Like
the proton is orbiting around the electron.

According to the Biot-Savart law, the magnetic field

Due to the current (charge motion) is: /
B=Mot - Mo ® ﬁ’ﬁlﬁ-——
2 It 2 L. To > M
b% Cz e Y s -3 T_ 1% :qo[bvd-fcw( to
My &, ;> B Ty L F g P@L:of’l @.ﬁ
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. Thus

Even without any external magnetic field, the electron

\e

of the H atom will experiences the “internal” magnetic
field due to iks motion around the positive charge of
nucleus, This internal field will be coupled to the spin

angular nmomenbuna:
_D —D
- 2 L ]

s 4 = 5 == =7
Hgo:i St A SLz 43(%) S-L
) e uté, M, cp’
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Spin-Orbit Hydrogen atom

The tobtal Hamilkonian will be:

H:’ ll\}o +H€9

Tom wa
/LN‘/—L “Ram W\I’M

SPm Compoltialion

And what aboulk the new energy values?
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Spin-Orbit Hydrogen atom

The tobtal Hamilkonian will be:

H H H tts :l@)[ s
by + =
L Xz C-L =Sxlx+Syly+Sats
: \©
j “if% M=o [t e
SPm Cowyn I
P Comys oM [Halgg‘];» E-E,S_Z]j: A

And what about the new energy values?
I would need for good guantum states of H...
One can easily check that

L_:IZ'HSO =) ESZI H'SQY:Q
}

ZS[ /YYlJ~ s \l%«)@O( \ %MTMM /ngw> (

-

DEGLI STUDI

é
[%2]
a4
—_
2
Z
-
]

oy Materials
W Science
== ONVTIIN Id

VAL S. 0. It zecTiom

(\ [
> M Mg o mol @do@a/
Yprontom i wbey |



DEGLI STUDI

hé
[%2]
a4
—_
2
Z
-
]

v Materials
N Science

Spin-Orbit

More i general we can write a new basns set for J as:

!J
4% 5> = 2 Loy (A, 4 )y
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Sum of angular momento

Let’s generalize even more, and suppose that we have two angular momenta
apemEors:

_ﬁ AN
c> 1 O‘A’W) -SL
And Llet’s build o new operator, being the total angular momentum operator:
J = L>’1 + 32,
i/ & 4 R
J Ja Jy »QA*WF&AS S»f | S,,

’ My m =3 L\ Y
/YhJ z JZL ! S%L
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Let’s generalize even more, and suppose that we have two angular momenta
apem&ors

AN

A
J )1 Clebsch-Gordon coefficients

{

.)4 A)L)J

011)1—1),”’7J>: % C
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Sum of angular momento

Clebsch-Gordon coefficients, how to read the table:

Table 4.7: Clebsch-Gordan coefficients. (A square root sign is understood for
every entry; the minus sign, if present, goes outside the radical.)

1/2%x 1/2

72 +112 ﬂm /252 a2
AR R (112 12 H l
2 a2 ]2 12 w2 =12 |15 4sf 52 32
12 -12] 1] +1 +172 |45 -1/5] +1/2 +1/2
A 12| 2/5 35| &2 32
. 0 +1i2 3:5 -2/5) -1/2 12
+3/2 2 -1/2| 35 2/
4 el 3 3
+1 -1,"2 1/3 23] 32 12 3/2x1/2 -1 12| 45
23 -13)-172 172 n -2 12| 15
0-12| 2/3 173] a2 depiz] g
1 412| 13 -23|-372 4 3
-1 -1/2 '
2x 1|3 SRl 3/2 % 1 | Sofrmmes AR
rom ElE ll 5 35 e i [t il -+
w2 0[1/3 23 va/2 25 35| 52 32 12 =12 12| 34 ’{4
2/3 13| 41 2 | 55 2|5 '1t2 112 32 +1R2)1/4 _%ia)-2
21 372

1x1 + 10 . ! 112
0 +1 10 1/6 —1/2 —1/2 —1/2
.I 1+ 3T o116 12 a0 T2 11370 815 1/6
41 12 2] 2 1 o 0 035 0 -2/5 3 2 1 12 0fas -115 13| 52 32
0 n 12 -12] 0 1 -1 |15 12 3o |-t -t -1 ~32 +1 1110 ~215 12| -3j2 32
-1 | %6 1/2 113 0 -1|6/15 12 1110 -1/ 35 25| 52
0 0|23 0 -1/3| 2 1 -1 0|&/t5 -1/6 -3/10) 3 2 -3 0 2/5 -3/5)-5/2
1t |18 -2 131 -1 -2 411156 -1/3 35 |2 -2
0-1|1/2 12 -1 1/3
-1 0|12 -1/2 -2 0 1f3 —2/3
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Suwose Ehat the bwo ope.m&crs J1 and I2 are spin ope.m&ars with s=1
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Suwose that the kwo ope.m&crs J1 and I2 are sF»E.v\ opem&ors wikth s=1
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Suwose that the kwo ope.m&crs J1 and I2 are sF»E.v\ opem&ors wikth s=1
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Suwose that the kwo ope.m&crs J1 and I2 are sF»E.v\ opem&ors wikth s=1
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Suwose that the kwo ope.m&crs J1 and I2 are sF»E.v\ opem&ors wikth s=1
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Sugyose that the kwo opem&crs J1 and I2 are st cpe.m&ors wikth s=1
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Sugyose that the kwo opem&crs J1 and I2 are st cpe.m&ors wikth s=1
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Suwose Ehat the bwo ope.m&crs J1 and I2 are spin opero&ars with s=1
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