[dentical Particles
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Multiple parficle systems

The Hamiltonian of a mulki-particle system can be written in general as:
2
H(xl,xz, ey XN t) — z : +V(X1,X2,...,XN, t)

2 m;
1=1,N

‘Su,p ose thal the par&&d&s do notk nkeract with one anobher, This impties Ehak
eac F»ar&éde MOVES U & COMMOI pa&eh&iat:

V(x1, %2, s Xy, £) = Xijmq y V(X £) and hence H(x1, %3, ., Xy, t) = Xj—q v Hi(x, )

In other words, for the case of non-interacting particles, the multi-particle
Hamilkonian of the system can be written as the sum of N independent
single-particle Hamét?oniahs. Then, the mulki-particle wavefunction can be
written as the product of N independent single-particle wavefunctions:

P(x1, X2, ooy Xy, £) = Wq (g, 8) Yo (xo, £) ... Yy (xy, £)
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Two particles system

» Skakistical im&erpre&a&icww

H/ LQ‘ Lz, t> Z
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Is the probability density of finding particle 1 in volume d3r; and particle 2

1%\ d'?’\"z
Thus:

(9ot D o =

1f the Po&em&iat V(ry,ry) s &E,me-—mdepehdev\&, we can obtain the bd. solutions

by separation of variables:

((/(Qf X7 f) — L}/('lu 2e

-l Et/f
(s
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Two particles system . By

> Where:

Ll/(?f,iz)

Sakisfies the ELS.E.:

h? h?
V2P —
2 my 2 mo,

VAW +V(ry,rp )Y = EV¥

For ihnstance, for the Helium atom
2
e

2 2 1
Ay = — (— i )
4meg\r; Iy |rp —ry]
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Two particles system T

> Suppose particle 1 is i the (one-particle) state ¥, (r), and particle 2 is in
the state y,(r), If the two particles are distinquishable and non
interacting, than the wf. Can be written as a simple product:

b (’%’25 AR ACY

> Bub in quantum mechanics we have tdentical particles, such as electrons,
that cannot be distinguished each other, but they are ubterly identical.
There is nothing (any of their Frmper&i,es) that can be used to distinguish
the electromns, and b one imagine to have a way to do it Ehis will not
work because when we bry ko observe the eleckrons, we alker them and we
connot be sure if for instance they switched places.
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Indistinguishable particles STeeCe

> To mathematically describe this indistinguishable principle, there are two
ways to build the wh.:

¢i(r1» ry) =AY, (r) PYu(ry) £ Y,(ry) P, (ry)]

The + makes a distinction between bwo kinds of identical particle:

> Bosons, with plus sign (e.9. photons and phonons)
> Fermions, with minus sign (e.q. electrons and Prm&av\s)

ALl particles with integer spin are bosons, and
all particles with half-integer spin are fermions.
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Pauli exclusion principle

» To describe mathematically the indistinguishable principle, there are two
ways to build the wi.:

Y_(r1) = S [al) ¥u(r2) = Yu(ry) Ya(r)]
Fermions, with minus sign (e.g. electrons and protons)

> Two identical fermions cannot occupy the same state.
For Y, = Y, then:

Y_(ry,72) = S a(r) Yal2) = Yalr) Palr)] = 0

This is the famous Pauli exclusion principle
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Pauli exclusion principle L]

> More in general and formally we can define the exchange operator:

Pf(ryry) = f(ryry)

The eigenvalue of P are £1 and ? and H are compatible: [?, H]=0

They have o common set of eigenstates.

This means thot the solutions of the S.E. are symmetric (eigenvalue +1) or
antisymmetric (eigenvalue -1) under exchange of particles:

W(ry,ry) =+ W(ry,r) (the + refers to bosons, - ko fermions)

THIS MEANS THAT ACCORDING TO THE KIND OF PARTICLES (BOSONS OR
FERMIONS), I'LL HAVE A SYMMETRIZATION REQUIREMENT FOR THEIR WFs.
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Pauli exclusion principle

> The anti-symmetry requirement for the WF of fermions can be extended
to N fermions svs?ems. For a system contaiing N identical and non-
interacting fermions, the anti-symmetric stationary wavefunction of the
system is written as:

va(X1) Up(X1) ... ¥n(xq)
1 | YalXo) vp(x2) ... ¥n(xo)

XN)—W

Y(Xq, Xo, ...

valXn, ) Yp(XN) - Yn(Xp)

This expression is khown as the Slater deberminanét, and au&oma&iaauv
satisfies the symmelry requirements on the wavefunction.,
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Exchange Feies

—

> Suppose owne particle is i skate P, (x), and the other is in stake y,(x), and
these two states are orthogonal and normalized. 1f the two particles are
indistinquishable, then the combined wave function is :

Py %) = = [Walx) ¥00) £ Py Palx)]

If you calculate the expectation value of the square of the distance between
the two particles:

<('Xa")(01>i = (K HXED —1x), (KX o

The last term is what differentiates it from the case of distinguishable
particles
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Exchange Force BICOCE

If you calculate the expectation value of the square of the distance between
the two particles:

) 2
{ (%) Py = XD+ (X, —2<xp, (KD T 2 [ s |
The last term is what differentiates it from the case of distinguishable

particles:
<(AXY>-_L_ — <(A X)z>o' + 4 l<x>kb\
¢

g fall
M?l ditong,



Exchange Feies

(R, = (AR Y, F2ul
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> Identical bosons (the upper signs) tend to be somewhat closer together

» Identical fermions (the lower signs) somewhat farther apart
as compared to distinguishable particles in the same two states.
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Exchange Feies

(R, = L[4y, 72Dl
<

i g fabl
pw';?l J;o"m«

Notice that <X»,, vanishes unless the two wave functions actually

Overlap, in foct: - ; 4 "K M’l tl/b o MaTO\WL/AFfM )

{ .
X>&\° . f)( tyux‘%é()ﬂlx (};:o WL/I;. %%a Ma”\faw
T imleqpel in Fhoy = &



-

DEGLI STUDI

Materials
N Science

é
2]
a4
—
=
&
-
B

== ONVTIN Id

Exchange Force

(R, = (AR Y, F2ul
<

i fabl
e
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> If two electrons are very far each other (and their wf do not overlap),
then its not going to make any difference whether the wfs are
antisymmetrized or not...
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Exchange Feies

(R, = L[4y, 72Dl

—

> When there is some overlap of the wave functions,
the system behaves as though bhere were a "force of atbraction” between
identical bosons, pulling them closer together,

> and a "force of repulsion” between identical fermions, pushing them
apart.

We call this an exchange force, although it's not really a force at all,
because no physical agency is pushing on the par&itzieé'; but it is a purely
geometrical consequence of the symmetrization requirement.
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Exchange Feies

—

We call this an exchange force, although it's ot really a force at all,
because no physical agency is pushing on the par&i«dﬁé’; but it is a purely
geometrical consequence of the symmetrization requirement.

Still, this “forece” has meor&an& consequences. For hstance, consider he H,
molecule,

At a first afproxima&cm, we have two electrons centered ot two different
nucleus in their ground state.

If we consider symmetric wf for these electrons, the “exchange foree” will
ush the electrons each other and the accumulation of negative charge will
attract protons inward, explaining the covalent bond

-;————¢ ¢ d“—; <5=——: g——'b
Ogmzwj'z;(, Lf/ ok, bewdz'c, 1
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Exchange Feies

—

ICOGC
For instance, consider he H, molecule.

At o first afproximakion, we have two electrons centered ot two different
nucleus tn their ground state.

If we consider symmetric wf for these electrons, the “exchange force” will
push the electrons each other and the accumulation of negative charge will
attract protons iward, explaining the covalent bond

-;———b c d%i ¢———: g———‘b
Nymmkae anik; syramtlic ¥

Bubt elecktrons are Fermions and have antisymmetric wi,
What is wrong with that? ...we miss spin:
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The complete state of the electron includes not only its position wave
function, but also a spinor, describing the orientation of 'iks spin:

Y(2) X(5)

When we pub together the two-eleckron state, it is the whole works, not just
the spo&m Fmr&, that has to be am&isjmmeﬁric wikh respe& to exchange,

Let’s 9o back to singlet and triplet combinations...



Sum of angular momentao

Suwose Ehat the bwo ope.m&crs J1 and I2 are spin ope.m&ars with s=% :

T/KW)I £<f, S=8=1

o1 |1 4) e

:: 10y = & (F4+ D) Pepht A
i z

o ]4-1>: b &

4 3=S-9
0 0> = T ng i‘ /DtJl&
mzo 0,07 O%(J’ >% %L
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The complete state of the electron includes not only its position wave
function, but also a spinor, describing the orientation of 'iks spin:

Y(2) X(5)

When we pub together the two-eleckron state, it is the whole works, not just
the spo&ia Fmr&, that has to be ah&isjmmeﬁric wikh respe& to exchange,

Let’s 9o back to singlet and triplet combinations...

> the singlet combination is antisymmetric and hence would
have to be joined with a Sjmme%ric spatial function

» the Ehree Eripi.e& skakes are all svmmeﬁria and would require
an antisymmetric spatial function.
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Exchange Feies

For instance, consider he H, molecule.
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At o first afproximakion, we have two electrons centered ot two different

nucleus tn their ground state.

If we consider symmetric wf for these electrons, the “exchange force” will
push the electrons each other and the accumulation of negative charge will

attract protons iward, explaining the covalent bond

4 C‘ A
e — | It

¢
Sy mamekace Y 1) ol .gg,kujz:e 1(5)

The electrons are Fermions and have antisymmetric wi.:
Antisymmetric spinor (singlet) but symmetric spatial wf.
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Wikth a similar afprmach you can Ehink at an exchanqe enerqy, which is a

term U Ehe bkobka

enerqy due to the s2mmeﬁr£c consbrain oafw&'he. wf, and

differentiating the energy of two-particle systems thot are distinguishable or

undistinguishable...

Now lets’ consider again the Helium atom
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Helium atom

In seeking an approximation to the ground state, we might first work out
the solution in the absence of bthis Last term...

N
w

\‘(/o (’24"25:: ('{/45 (Q") thchl) = d thv}ZL/ -
L
L(/(’M\ L[/ ('l;), £ 6‘3&1‘”2»/9\ : e
= Wae9 Aog =N Ea} +ZC

» Thus, the &.S. WF is symme&ric (verting r; and r,, its sign is unchanged)
» Thus, the &S, of Helium is a singlet confiquration.
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Hellum atom 24 i.cm%

In seeking an approximation to the ground state, we might first work out
the solution in the absence of bthis Last term...

\‘K (’24,'25:: (-{’U (1'1) thcflz) ~: _{ lrzf”zc/ N

s
Ly g o) 8 et ne

09 —
wae’ +2¢e

> Whot about the excited states? They consist of one electron in the
hydrogenic &.S. and ancther in the excited state:

TraoC )
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> What about the excited states? They consist of one electron in the
hydrogenic &.S. and ancther in the excited state:
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N
Ol

th"ZL/

({199(%> \{/jnlm (11) 3 3

n
1 e

S C

We can conskruct bobth sumwmwebric and antisummetric combinakions:
J J

» the former qo with the antisymmetric spin confiquration (the singlet), and
they are called parahelium

> the latter require a symmetric spin confiquration (the Eripi.e.&), and they
are khowh as orthohelium
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> What about the excited states? They consist of one electron in the
hydrogenic &.S. and ancther in the excited state:
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N
(0,8

th"ZL/

({109 021) \tjhlm (1 Z) 3 3

n
. e

S C

“f!‘ he ground state is necessarily parahelium; the excited states come in bokh
orms,

Because the symmetric spatial state brings the electrons closer together, we
expect a higher energy than their orthohelium counterparts.
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Table 5.1: Ground-state electron configurations for the first four rows of the
Periodic Table.

Element Configuration 2 S' 4 i

B ol by
(1) 5 —

(15)? loom 40’1, 2m? ﬂa-dzm

(He) (25)
(He)(2s)?
(He}(25)*(2p)
(He)(2s)’(2p)°
(He)(25)*(2p)°
(He)(2s)*(2p)*
(He)(2s)*(2p)°
(He)(25)2(2p)°
(Ne)(3s)
(Ne)(3s)2
(Ne)(3s)*(3p)
(Ne)(35)* (3 p)?
(Ne)(35)*(3p)°
(Ne)(3s)*(3p)*
(Ne)(3s)*(3 p)’
(Ne)(35)*(3p)°

Z
1
2
3
4
5
6
7
8
9
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The periodic table

N
oo

Table 5.1: Ground-state electron configurations for the first four rows of the
Periodic Table.

Element Configuration 2 S' 4 i

IPA MM Al b
- —

(15)? Toom 40/&' Zm? a&d’zm
(He) (25) ?

EHe)(zs)i : : EM CO"ULU)rb'mIS 1; n
He)(2s5)*(2p) ?u..,
(He)(2s)2 (2p)* : L’JM € W# 2
(He)(2s)*(2p)° :
(He)(25)>(2p)*
(He)(25)>(2p)°
(He)(25)%(2p)®
(Ne)(3s)
(Ne)(3s)?
(Ne)(35)*(3p)
(Ne)(3s)*(3p)?
(Ne)(3s)*(3p)*
(Ne)(3s5)* (3 p)*
V2 5
(NeY(35)2(3p) : >

(2 2¢2 6
(Ne)(35)*(3p) M. 4 2 3

L3

Z
1
2
3
4
5
6
7
8
9




DEGLI STUDI

Materials
Science

E
2]
a4
—
=
&
-
B

== ONVTIN Id

Quantum statistic et

The behaviour of systems consisting of many identical particles is studied by a special field of
physics called quantum statistics.

The issue in question is the structure of the ground state and its energy for the system on N >
1 non-interacting free electrons (an ideal electron gas) confined within a box of volume V.



