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> We have already seen, in the spin-orbit case, that in
some instances’it is necessary to consider a Per&urba&iam
of the system...

> In particular, let’s consider a system described by the
Hamiltonian H, and assume H\Q? we have solved bthe S.E.
for that system, finding eigenvectors and eigenvalues
(indeed, this was the case of the Hydrogen atom
thvolved in the spi;wwrbi,& anatjsis, for instance)

FINRE vy, o



-

DEGLI STUDI

Materials
W  science

=
2]
a4
—
=
&
-
B

== ONVTIN Id

Time Independent Perturbbation Theory

In particular, let's consider a system described by the
Hamiltonian H, and assume that we have solved the S.E. for
that system, finding eigenvectors and eigenvalues

H, 4 - L GO .

/"/M

> If we consider now a weak Perf:urba&iom, we can write
AN
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Time Independent Perturbbation Theory

Q W, = ;(ﬁlﬁa\) LYVM

In general, this equation will not have exact analytic
solutions, but we can find approximate solutions Py the so
called “perturbation theory”.

Bubt what does itk mean “weale Per&urba&tmm"?

T
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Time Independent Perturbbation Theory

Q W, = ;(ﬁlﬁa\) LYVM

Bubt what does itk mean “weale per&urba&wh"?

Classically, it would mean thot the variation in energy of the system, due to
the per&ur akion, is small.

VAN
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Time Independent Perturbbation Theory

Q W, = ;(ﬁlﬁa\) LYVM

Bubt what does itk mean “weale per&urba&wh"?

In quantum mechanics, it is more meaningful to state that the expectation
values of H must be much smaller than that of H°

VAN



DEGLI STUDI

Materials
N Science

-
2]
a4
—
=
&
-
B

== ONVTIN Ia

Time Independent Perturbbation Theory

| W, — /B (HHH)L?V

If we have a weak perturbation, I can write:

H\: A H'  «with Ac¢et
= ~ W
A
N A g Au 2, o % 9
Ty H = H'+ HE S . B K Y. L. Y

with €. ond Y,
"‘qu K molm
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Time Independent Perturbbation Theory

Hw.=E. %, :(ﬁo W)Y,

If we have a weak perturbation, I can write:

Q:QO‘I‘AH"

I can expanci £, and W, bv power series i A, and when A->0 their values will
be the uMFye_rEurbad ones,

EM CE: + A E/[vi\] 1 Al Z/:(,:)TL e Eiﬂl q/m(f) oL ﬁz‘i’))- oZyZe/z Ca%e,cﬂLfo’n’)

\J( 3 %:*' }%Eﬂ% Al %Z) Elfél ( L(fiz) I WJ @14% el onn
Ty [Ho4 Y (e A0 00 ) < (e e YE?) (ranh)
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By collecting like powers of A, I can write:

H° U, + ?\(Q \fﬁ,,er {:\Y“ (ijmov } AI(HA” %‘QHQ“ ”(,;)*.._
=B G A B Ve (B OB YO ES W)
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This is satisfied if all terms with same power order are equal:
¥, = Bl
N~
Lk(m—k HU(‘F st Z, %()ﬁ'tw, Ll/m
T M AT AL R S
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Eirst orderinile
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Eirst orderinile
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First order correction:
— — 9 0 A | 9)
&m S —H%[ Hl(-VM>

One can also calculate the corre.c&mn to the eigenstate:

\]l/:tl/o Z@PI\HH’/}/ K,

)EM .)

—

Notice that j are the states different than the perturbed one, thus in case of
per&urba&iom, the wavefunction is affected also bj the unyev&urbe_d states

close ko .
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First order correction:
— — 9 0 A | 9)
&m S —H%[ Hl(-VM>

One can also calculate the c:orre.c&mn to the eigenstate:
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Notice also that in case of degeneracy, different states have the same
eigenvalue, thus the denominator in the summation makes no sense, in such

a case! We would need the degenerate Fe_rmrba&ch theory...
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First order correction:
s — 9 0 A | 9)
Em = B+t

One can also calculate the tc:-rrethov\ to the eigenstate:

\f/ t[/ ZéW'\HH}/—/ K,

)EM .)'

One can also calculakbe the second order Correc?ziah
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Time Independent Perturbbation Theory T

Let’s apply the perturbation theory to find the s.o. correction to the energy
levels of Hydrogen:

—

~ — 0
H. = & $.8 &= O
| i L# £, e

S pm - WZDL\-/V “f"d' g c’)f Lom

i

¥ o e - = o S
$ o ((3) = L S PO 5 =L (L ~s)

T/K% il 1(2) S j{}i}fﬂy _ | i ((/]:%;B(WB’ A (t+4) 'W&vﬂ%



-

DEGLI STUDI

Materials
< Science

=
2]
a4
—
=
&
-
B

== ONVTIN Id

Time Independent Perturbbation Theory

Let’s apply the perturbation theory to find the s.o. correction to the energy
levels of Hydrogen:
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Eh g D e s o)
B L L8 (4+4)

Together with the relativistic correction (not seen here) I obtain the new
enerqgy levels for H:
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Without the term of the
fine structure, the energy

. f
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Energy levels of hydrogen, including fine structure (not to scale).
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Theorem:

1 H is a Homilkonian operator, and £, (the ground state enerqy) is its
minimum eigenvalue, then:
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This is not obvious, because the wavefunction here is not an eigenstate of

the operator, but a general vector of the Hilbert vector space.
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The Variational Principle

Theorem:

N
N

1 H is a Homilkonian operator, and £, (the ground state enerqy) is its
minimum eigenvalue, then:

Ez¢<\l//§(w>/ L YYo=

—

Demonskrakion:
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Theorem:

N
N

1 H is o Hamiltonian operator, and £, (the ground state enerqy) is its
minimum eigenvalue, then:

Eye < VIAIASNS | < Y=

The variational principle is ver useful in man applications where the exact
solutions of the S.E. cannoct be %Ou,hci analytica Lv. gu&, f we have h potheses
for a general formulation of the solutions (e.q. tk is an expanem&ioi
function, or it is a gaussian function, or it is ...), then we can optimize the
ﬁarameEers of the “trial” solution, b'j minimizing the expectation value of the
amilkonian,
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Multiple parficle systems

The Hamiltonian of a mulki-particle system can be written in general as:
2
H(xl,xz, ey XN t) — z : +V(X1,X2,...,XN, t)

2 m;
1=1,N

N
Ol

‘Su,p ose thal the par&&d&s do notk nkeract with one anobher, This impties Ehak
eac F»ar&éde MOVES U & COMMOI pa&eh&iat:

V(x1, %2, s Xy, £) = Xijmq y V(X £) and hence H(x1, %3, ., Xy, t) = Xj—q v Hi(x, )

In other words, for the case of non-interacting particles, the multi-particle
Hamiltonian of the system can be written as the sum of N independent
single-particle Hamét?oniahs. Then, the mulki-particle wavefunction can be
written as the product of N independent single-particle wavefunctions:

P(x1, X2, ooy Xy, £) = Wq (g, 8) Yo (xo, £) ... Yy (xy, £)
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Helium atom

> A helium atom consists of a nucleus of charge +2¢ surrounded by two
electrons.

N
(0,8

» The Hamiltonian of the system thus takes the form: ¢ l@t*flb/
- " - €
2 =l oA or— L MML%
2 2 T /|>
e 2 e 1 "y
H= - (V2 +V3) - (S + - ) e
2 Mg 41 €p \I'1 Iy |1‘2 e I‘1|
+2¢

The five terms in the Hamilkonian represent, respectively, the kinetic
enerqies of electrons 1 and 2, the nuclear atbractions of electrons 1 and 2,
and the repulsive interaction between the two electrons. It is this Last
conbribution which prevents an exact solution of the Schrodinger equation,

In seeking an approximation to the ground state, we might first work ouk
the solubion in the absence of this Last term...



DEGLI STUDI

Materials
Science

<
=
7
a4
5
2
Z

Helium atom

N
~N

E
=
>
Z
o
A

—

In seeking an approximation to the ground state, we might first work out
the solution in the absence of bthis Last term...

\‘K (’24,'25:: (-{’U (1'1) thcflz) ~: _{ lrzf”zc/ N

Ly g ) 8 el ne

CTe +2¢

The owngy will be 2 -(2" )62 (4 JE1=8E, 5103V
T/KL /@(P%/thﬁﬂ MWZ% N ES ~ «’5‘3&\/ /VL.oLAZLa\ jw@"/ 070/69)([4«.)(.;4
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In seeking an approximation to the ground state, we might first work out
the solution in the absence of bthis Last term...

\‘K (’24,'25:: (-{’U (7'1) thcflz) S _{ lraf”zc/ N

Ly g ) 8 el ne

CTe +2¢

The owngy will be 2 -(2" )62 (4 JE1=8E, 5103V
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Helium atom

In seeking an approximation to the ground state, we might first work out
the solubion in the absence of this Last term...

N
~O

th"ZL/

k(/o (’24”25: (-{/45 ((lb thSC[L?') = d -
L
) @ o) 6 el ; v
= Wae9 Aog =N Ea} +ZC

A significantly improved result can be obtained by keeping the same
functional form, but replacing 2 by an adjustable parameter Z

Y2 ¢t
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Helium atom

A significantly improved result can be obtained by keeping the same
functional form, but replacing 2 by an adjustable’parameter Z
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And by exploiting the variational principle: oy

H=—

(V2+V2)—e <£+£)+e (Z—2+Z—2_ 1 )
2T g ey \r; 1,
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Helium atom
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Helium atom
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Physical interpretation: Zin the approximate wavefunction represents an effective
nuclear charge. Each electron partially shields the other electron from the positively
charged nucleus ...

Now the expected enerqy value is: (H> B %ﬁ; 4 ,Z£> Ei =0 /7227 = ’42%54/
6 416 g
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