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Introduction

Our goal is to make critical decisions (e.g., which drug is best?) in complex medical

settings.
The Problem: Why purely data-driven models could fail?
o Insufficient Data: Clinical data is often sparse, low-quality, expensive to collect,
and may not represent the real-world population.

e Opaque Mechanisms: The true biological mechanisms of a disease are incredibly
complex and full of unobserved factors (e.g., genetics, lifestyle, co-morbidity).
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Introduction

Our goal is to make critical decisions (e.g., which drug is best?) in complex medical

settings.

The Problem: Why purely data-driven models could fail?

o Insufficient Data: Clinical data is often sparse, low-quality, expensive to collect,
and may not represent the real-world population.

e Opaque Mechanisms: The true biological mechanisms of a disease are incredibly
complex and full of unobserved factors (e.g., genetics, lifestyle, co-morbidity).

Our Goal: A More Realistic Approach
e Use assumptions that are for the healthcare setting.

e Formally incorporate
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Part 1 - Partial identification



Average Treatment Effect (ATE)

A central goal in causal inference is to quantify the effect of an intervention or
treatment on an outcome.

The Average Treatment Effect (ATE) measures the expected difference in
outcomes if all individuals in a population were treated versus not treated:

T =E[Y(1)] - E[Y(0)]

where:

e T €{0,1} is the treatment variable,

e Y (1) and Y (0) are the potential outcomes under treatment and control.
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No Hidden Confounders

Assumption

Is the claim that we have successfully measured and
"adjusted for" all common causes (X) that influence both
the treatment (7") and the outcome (Y")

Y(0),YQ) L T|X
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No Hidden Confounders

Assumption fail N

. . . . . / U X
This assumption fails when there is at least one hidden 7 PP \
) o = s

confounder (U)—a variable that also affects both 7" and B AN

I
7 N

Y, but which we did not (or could not) measure. ( 5 Causal Effect < ‘ j

Y(0),Y(1) L T|X 5/31



Moving from Points to Bounds

If we relax the " No Hidden Confounders” assumption, we can no longer identify a
single point value for the CATE. Instead, we identify a range of possible values,

known as bounds.
CATE € [CATEY, CATE"]

The width of this interval shows us the price we pay (in ambiguity) for not making
strong, untestable assumptions.

6/31



Part 1.1 - Assumption based



Partial Identification: The Worst-Case Scenario

What if we make no assumptions about the confounder?

Concept (Manski, 1990) [Man90]

e Instead of making a strong, untestable assumption (like "no unobserved
confounding” or "ignorability” ), we make only a minimal, verifiable assumption.

e Minimal Assumption: The outcome Y is bounded.
e For this presentation, we assume Y is a binary outcome: Y € [0, 1].
e Method: We use the observed data and these logical bounds to calculate the

widest possible range for the true CATE.

e This range represents all possible values of the CATE that are logically consistent

with the data, no matter how the hidden confounder U behaves.
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Worst-Case Scenario: Computation & Bounds

Bounding E[Y (1)|z] (Effect of Treatment)

E[Y (1)|z] = E[Y (1)|T = 1,2]P(T = 1|z) + E[Y (1)|T = 0,2]P(T = 0|z)
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Worst-Case Scenario: Computation & Bounds

Bounding E[Y (1)|z] (Effect of Treatment)

E[Y(1)|z] = (E[Y (D|T = 1,z])P(T = 1|z) + (E[Y (1)|T = 0,z]JP(T = 0lz)

Observed Counterfactual

Counterfactual Term: we substitute its logical bounds: [0, 1].

e EEX[Y(1)|x] = E[Y|T = 1,2]P(T = 1|z) + (0) - P(T = 0|x)
e EV[Y(1)|z] =E[Y|T = 1,2]P(T = 1|z) + (1) - P(T = 0|z)
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Worst-Case Scenario: Computation & Bounds

Bounding E[Y (0)|z] (Effect of Control)

E[Y(0)|z] = E[Y(0)|T = 1,z]P(T = 1|z) + E[Y(0)|T = 0,z]P(T = 0|x)
Similarly, we substitute [0, 1] for the unknown E[Y (0)|T = 1, z].

e EL[Y(0)|z] = (0) - P(T = 1|z) + E[Y|T = 0,z]P(T = 0|x)
e EV[Y(0)|z] = (1) - P(T = 1]z) + E[Y|T = 0,z] P(T = O|z)
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Worst-Case Scenario: Computation & Bounds

Bounding the CATE

o CATEY(z) = EL[Y (1)|z] — EV[Y (0)|z]
o CATEY(z) = EV[Y (1)|z] — EX[Y(0)|]
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Monotone Treatment Response (MTR)

Concept (Manski, 1997) [Man97]

Monotone Treatment Response (MTR) Assumption

The Monotone Treatment Response (MTR) assumption states that the
treatment can only help or have no effect; it can never harm.

For every individual unit i:
Y;(1) > Y;(0)

The individual treatment effect 7; is always non-negative (7; > 0).
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Monotone Treatment Response (MTR)

Concept (Manski, 1997) [Man97]

Monotone Treatment Response (MTR) Assumption

The Monotone Treatment Response (MTR) assumption states that the
treatment can only help or have no effect; it can never harm.

For every individual unit i:
Y;(1) > Y;(0)

The individual treatment effect 7; is always non-negative (7; > 0).

Plausibility

e This is not a statistical assumption, but one based on domain knowledge.
e Example: A job training program is unlikely to make someone /ess employable.

e This single assumption dramatically shrinks the bounds. o/a1



MTR Scenario: Computation & Bounds 1/4

MTR Y (1) > Y(0) gives us new information on the counterfactuals:

o E[Y(1)|T = 0,2] > E[Y(0)|T = 0,2] = E[Y|T = 0, 2]
o E[Y(0)[T =1,2] <E[Y(1)|T = 1,2] = E[Y|T = 1, 2]
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MTR Scenario: Computation & Bounds 2/4

MTR Y (1) > Y(0) gives us new information on the counterfactuals:

o E[Y(1)|T = 0,2] > E[Y(0)|T = 0,2] = E[Y|T = 0,z]
o E[Y(0)|T =1,2] <E[Y(1)|T = 1,2] = E[Y|T = 1,z]

Bounding E[Y (1)|z]

EY(1)|z] =E[Y(1)|T =1,z]P(T = 1|z) + E[Y(1)|T = 0,z]P(T = 0|x)
The new lower bound for the counterfactual is E[Y|T' = 0, z] (not 0).

o EfyrglY (Dlz] = EY|T = 1,2]P(T = 1|z) + E[Y|T = 0,2]P(T = 0|z)
o EVrplY(1)|2] = E[Y|T = 1,2]P(T = 1]z) + (1) - P(T = O|z)
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MTR Scenario: Computation & Bounds 3/4

MTR Y (1) > Y(0) gives us new information on the counterfactuals:

o E[Y(1)|T = 0,1]
o E[Y(0)|T =1, 1]

E[Y (0)|T = 0,z] = E[Y|T = 0, 2]

>
<E[Y(1)|T =1,2] = E[Y|T = 1,4]

Bounding E[Y (0)|z]
E[Y(0)|z] = E[Y(0)|T = 1,2]P(T = 1|z) + E[Y(0)|T = 0, z]P(T" = 0|z)

The new upper bound for the counterfactual is E[Y|T = 1, ] (not 1).

o EfrplY(0))e] (T = 1fe) + E[Y|T = 0,2]P(T = Ola)
o E{;rplY (0)la] = E[Y|T = 1,&]P(T = 1]2) + E[Y|T = 0,2] P(T = 0l

I
—
(=}
~—
e
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MTR Scenario: Computation & Bounds 4/4

Bounding the CATE

o CATEjrg(z) = EfypplY (1)]2] — Ef;rgY (0)|z] = E[Y]z] — E[Y]z] = 0
® CATE](\J/[TR(SC) = E](\]/[TR[Y(l)‘w] - E%/[TR[Y(O)W]

Result: The CATE is bounded in the interval [0, CATEY,;5(2)].
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Comparison of ldentification Strategies

Strategy

Assumption(s)

Result

Point ldentification

Worst-Case
(Partial ID)

MTR
(Partial ID)

No hidden confounders:

Y(#) LT|X

Bounded Outcome:
Y €0,1]

Bounded Outcome +
MTR: Y (1) > Y (0)

Point Estimate:
CATE(x))

Wide Interval:
[CATE*®(z), CATEY (z))
(Correct, but often uninfor-
mative)

Narrowed Interval:
[0, CATE][{ITR(x)}
(Rules out negative effects)
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Part 1.2 - Structure based



Instrumental Variable (IV) 1/2

Instrumental Variable
An Instrument Z is a variable that can "isolate” the unconfounded part of the
treatment 7.

1. Relevance: The instrument Z must have a causal effect on the treatment 7'.

2. Exclusion: Z only affects the outcome Y through the treatment 7'. It has no
direct path to Y.

3. Independence (lgnorability): Z is independent of all unobserved confounders U.
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Instrumental Variable (1V) 2/2

Assumption: Linear outcome

= 5tT aF O[uU
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Instrumental Variable (1V) 2/2

E[Y|T = 1] —E[Y|T = 0] # 6,

Assumption: Linear outcome

Y =6,T + a,U
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Instrumental Variable (1V) 2/2

E[Y|T = 1] — E[Y|T = 0] # 4,
Assumption: Linear outcome EY|Z =1] -E[Y|Z = 0] = a,0;

= 5tT aF O[uU
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Instrumental Variable (1V) 2/2

E[Y|T = 1] — E[Y|T = 0] # 4,
Assumption: Linear outcome EY|Z =1] -E[Y|Z = 0] = a,0;
Y =6,T + a,U E[T|Z=1]-E[T|Z =0] = a,
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Instrumental Variable (1V) 2/2

Assumption: Linear outcome E[Y|T = 1] - E[Y|T = 0] # 5,
Y :=6,T + a,U ElY|Z =1] - E[Y|Z = 0] = a6
E[T|Z=1]-E[T|Z =0] = a,

E[Y|Z = 1] - E[Y|Z = (]
E[T|Z = 1] - E[T|Z = 0]

No Non-parametric ldentification

=
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”Normal” Mediator (Front-Door)

Core Assumptions:
1. M "blocks” the entire effect of 7" on Y. (No direct ‘U
T — Y path). RS
2. There is no unobserved confounder between T and L’ S
i @ ®
3. There is no unobserved confounder between M and
Y.
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Core Assumptions:

1. M "blocks” the entire effect of 7" on Y. (No direct TR
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Solution: We can identify the effect by combining two pieces:

e The effect of 7' on M (which is unconfounded).
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Stochastic Causal Programming

It turns causal bounding into a constrained optimization problem [Pad-23].
The Causal Mathematical Program:
min /max o(S) = E[Y|do(T = t)]

subject to dist(pg,p) < e,

structural constraints

1. The Data Constraints: any "possible” model .S must generate a distribution pg
that is " close” to our observed data p.

2. Structural Constraints:The model S must obey our causal graph (e.g., in IV, Z
does not directly cause V).
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The Simplified SCM

Standard SCM (Hard Problem)

/7N
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The Simplified SCM

Standard SCM (Hard Problem)
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We assume noise is separable. Confounding is just a correlation between two " private”
noises. 19/31



Example of the simplified SCM

Z: Price of food in patient area.

T Daily Calorie Intake.

Y': Heart Disease.
e Np: Personal metabolism. This is a biological factor.

Uy : Genetic predisposition for heart disease.
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The Problem with Bounds: How to Make them Useful?

The Core Problem

Without strong assumptions, these bounds are often mathematically correct but too
wide to be informative.

We can leverage domain expertise. But experts don't think in precise equations.
They use qualitative, linguistic rules:
"If the patient’s inflammation (U) is high, the drug (T') is less likely to be
prescribed.”

The New Challenge: How do we formally translate this vague, qualitative knowledge
into quantitative constraints for our SCP? Part of the answer is Fuzzy modeling
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Fuzzy Logic | ]

Regular Logic
Heating Air-Conditioning
} >
25 Temperature in °C
Fuzzy Logic
L
O
- S
®
, . Temperature
1 I T T =% incc
15 20 25 30 35

Figure from https://databasecamp.de/ T



Fuzzy Model 1/4 |

Dinner for Two
a 2 input, 1 output, 3 rule system

If service is poor or food is rancid,
Lt then tip is cheap.
Input 1

Service (0-10)

Output

Rule 2 If service is good, then tip is average. Tip (5-25%)
ip b

N
Input 2 /

Food (0-10)

Rule 3 [fservice is excellent or food is
delicious, then tip is generous.

The inputs are crisp All rules are The results of the The resultis a
(non-fuzzy) evaluated in parallel rules are combined crisp (non-fuzzy)
numbers limited to a using fuzzy and distilled number.

specific range. reasoning. (defuzzified).

Figure from https://it. mathworks.com/ 23/31



Fuzzy Model 2/4

1. Fuzzify

Inputs. delicious Resuit of

food is delicious

food =8

input
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Fuzzy Model 2/4

1. Fuzzify
inputs.

delicious

Resuit of

food is del

food =8

input

2. Apply

OR operator (max).

0.7

1. Fuzzify
inputs.
excellent
00 delicious
service is excellent or food is delicious
service=3 food =8
input 1 input 2

result of
fuzzy operator
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Fuzzy Model 2/4

1. Fuzzify 2. Apply
inputs. OR operator (max).
1. Fuzzify excellent 07
inputs. delicious Resuit of
00 delicious 0.0 result of
service is excellent or food is delicious
food =8 service=3 food = 8
input input 1 input 2
Antecedent Consequent
_AG I\
r T =]
 Fuzdy 2. Apply 3. Apply
i‘onuls, OR operalor (max) Implication
operaor (min).
axelent ‘
If  senvioe s excellent or food is delcous then tp=generas result of
implication

service = 3
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Fuzzy model 3/4

2.4 3. Apply
1. Fuzzify inputs. y.,,z‘;" 4 implication
operation method (min).
I | (OR = max).
= o a0 0 30%
‘ If  service is poor or  foodis rancid then tip = cheap ‘
‘ ‘ - average,

2.

no dependency
good on input 2

‘ If service is good then ip = average

0 30% 4 30%

excellent
3 ° delicious. generous
—) 309 0 30% 4. Apply
| If  service is excellent or food is delicious then tip = generous ‘ :fggmf}’"mﬂx)_
service =3 food =8
input 1 input 2 ’_/_\r\
0 30%
Resuit of 25/31

aggregation



Fuzzy model 4/4

Fuzzy models are uniquely suited for encoding the domain knowledge of human

experts.

Based on Natural Language:

Experts don’t think in precise equations.
They use qualitative, linguistic rules. Fuzzy
logic's IF-THEN rules directly map to this
human-like reasoning.

Handles and Imprecise Knowledge:
Human expertise is full of terms like

"about”, "near”, "low”, " very fast".
Membership functions provide a formal way
to define these vague concepts, which crisp

logic cannot.
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Incorporate expert knoweldge into causal inference

min /max o(S) = E[Y|do(T = t)] U
subject to  dist(ps,p) < e, . N

structural constraints, ( : 5 ’@
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Incorporate expert knoweldge into causal inference

Fuzzy Rules

. U—->T
min /max o(S) = E|Y|do(T =t
fmax  o(S) = E[Y|do(T = 1) oo
subject to  dist(pg,p) < e, .
structural constraints, /'\,\({A’\

fuzzy rules :S @
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Incorporate expert knoweldge into causal inference

Fuzzy Rules

. U—->T
min /max o(S) = E|Y|do(T =t
fmax  o(S) = E[Y|do(T = 1) oo
subject to  dist(pg,p) < e, .
structural constraints, /",\({A’\

fuzzy rules :S @

We use expert knowledge to constrain the "space of possible models” we are
searching over.
Main aspect:

e Computational time: what is the computational cost of adding new constraints?
e Knowledge bias: what happens if our knowledge is incorrect?
e How to transform qualitative knowledge into quantitative knowledge? 27/31



Part 2 - POMDP & Myasthenia
Gravis



Myasthenia Gravis (MG)

Normal Neuromuscular Myasthenia Gravis

e Myasthenia gravis (MG) [Dre+21] is a Juncton

) X
—— Myelin sheath —— Myelin sheath

neurological autoimmune disorder
characterized by muscle weakness and ) ]
fatigue.

e Abnormal autoantibodies that attack

Acetylcholine
icotini Nicotinic
rece receptors
Muscle w Muscle

final fallback to ease MG symptoms, Figure 1: *

muscle contraction proteins.

e Biological drugs like Ravulizumab are a

especially for patients who do not ) .
Normal versus Myasthenia Gravis
respond to standard treatments. ) ]

neuromuscular junction.

Source: Myasthenia Gravis: Etiology, The Rare Disease Advisor.
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Partially Observable Markov Decision Processes

A POMDP [CKL94] models sequential decision-making under uncertainty, where
the true state of the system (e.g., a patient condition) is partially hidden.

e States (.5): latent clinical conditions
(e.g., Mild, Severe) Hidden states

. o 5 E S S
e Actions (A): possible interventions (e.g., i T(s,a,5') !

Treat, Wait) =

. action
e Transition model (7'):

T(Svavsl) - P(St-‘rl =5 ‘ St = $,a¢r = a)

e Observation model (O): D " C]

O(Ot‘St) = P(Ot | St) Ot Ot+1
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Fuzzy model of Myasthenia Gravis (MG)

| -
Effector Long Lived
T cells (Teff) — Plasma Cells .
' (LLPC) ot Efgartigimod
! |
| ;
Inflammation/ | ___ | Regulatory | _ | | Germinal Immunoglobulin Symptoms
thymoma T cells (Treg) Centres (GC) G (IgG)
1
1
|
Short Lived
B cells (B) Plasma Blasts Complement
(SLPB) +
1
=~ P Eculizumab/
(_ D 4 Ravulizumab
|
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Fuzzy-MAP EM workflow

We developed a formal way to learn the parameters of the POMDP using the data
(standard Expectation-Maximization) and the expert knolwedge coming from the
fuzzy model.

Translate fuzzy
knowlege into

quantitative information
Expert Fuzzy-Model (pseudo-counts)

Expert defines Takagi-
Sugeno rules for system
dynamic Estimation of the hidden Output

information based on the

Recalculate the parameters (T POMDP
Data observed data and current PO e

parameters. and 0) by combining fuzzy prior
Biological and : with empirical count
clinical data
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Thank You for your Attention!

MADLab
The Models and Algorithms for Data & Text Mining
Laboratory is a research lab at University of Milano-

M
A
D

))

Bicocca focused on Causal Networks, Bayesian Net-

works and Continuous-Time Bayesian Networks ap-

plied to Healthcare and Medicine.

More at: https://mad.disco.unimib.it/


https://mad.disco.unimib.it/
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