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Factorial Design

LECTURE LEARNING OBJECTIVES

1) Learn the definitions of main effects and interactions.

2) Learn about two-factor factorial experiments.

3) Learn how the analysis of variance can be extended to factorial experiments.
4) Know how to check model assumptions in a factorial experiment.

5) Know how factorial experiments can be used for more than two factors.

6) Know how to analyze factorial experiments by fitting response curves and surfaces.
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Factorial Design: Basic definitions and principles

Factorial Design; in each complete trial or replicate of the experiment,

all possible combinations of the levels of the factors are investigated. {H_+} } (30 (52 )
igh) — % ?
When factors are arranged in a factorial design, they are often said to be E
g
crossed. O
(Low) |— - }
20 40
The effect of a factor is defined to be the change in response produced | |
by a change in the level of the factor. This is also called a main effect @ Hi;h
because it refers to the primary factors of interest in the experiment. kined
Main Effect of A; difference between the average response at the . [4{} T 5:] _[20 +30
High level of A and the average response at the Low level of A. 2 D,

Increasing factor A from the Low level to the High level causes an average _30+52 20440 _

B

response increase of 21 units.

Fabio Stella Design of Experiments: A gentle introduction



Factorial Design: Basic definitions and principles

In some experiments, we may find that the difference in response
between the levels of one factor is not the same at all levels of the
other factors. When this occurs, there is an interaction between the

factors.

Because the effect of A depends on the level chosen for factor B,

we see that there is interaction between A and B.

The magnitude of the interaction effect is the average difference

in these two A effects, or

_ (-28-3) _
== —

AB —29

Clearly, the interaction is large in this experiment.

Factor B

Factor A
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Factorial Design: Basic definitions and principles

Plots the response data against factor A {Hi;h} | 52
for both levels of factor B. Note that the i
B- and B+ lines are approximately %
parallel, indicating a lack of ) Wl & !
interaction between factors A and B. Elﬂ 4|D
(Low) (High)
Factor A
Plots the response data against factor A {Hf;h} I 12
for both levels of factor B. Here we see R
that the B— and B+ lines are not parallel. E; )
This indicates an interaction between (low) = o= 2!
factors A and B. L i
(Low) (High)
Factor A

Response
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Factorial Design: Basic definitions and principles

40452 20430

There is another way to illustrate the concept of 1 . ) A > 5y — 21
. . (High) |- * .
interaction. 5 mm
| : p=30+52 20440
Suppose that both of our design factors are 2 2 2
quantitative (such as temperature, pressure, time). - lowl | | (20 +52) (30 + 40)
Then a regression model representation of the Elﬂ 4|D AB = 2 B 2 =1
two-factor factorial experiment could be written as ih {Hi;h}
Factor A
random
Y = Bo + Byxi| + Baxa + Big%a X2 H €™ error term (20 +40+ 30 + 52)
response Factor A Interaction 1 11
AB
=—=11.5 fy; =—=05.5
Factor B A 2 22
1 :
y = 35.5 + 11.5x; + 5.5x, + 0.5x;x, + ¢ P12 =5=05 Least Squares Estimate
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Factorial Design: Basic definitions and principles

\m
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(6) The contour plot

{a) The response surface

L

35.5 + 10.

V=

m FIGURE 5.5 Response surface and contour plot for the model
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Factorial Design: Basic definitions and principles
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{a) The response surface (6) The contour plot

m FIGURE 5.5 Response surface and contour plot for the model § = 35.5 + 10.5x, + 5.5x,
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(a) The response surface (b) The contour plot

m FIGURE 5.6 Response surface and contour plot for the model y = 35.5 + 10.5x, + 5.5x, + 8x,x,
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Factorial Design: Basic definitions and principles

Generally, when an interaction is large, the corresponding main effects
have little practical meaning.

For the experiment in figure to the right,

we would estimate the main effect of A
i __[:':'{1 i 12]_[:{'1 I ﬂ—' ]

to be =

5

e

The main effect is very small, and we are tempted to conclude that there is
no effect due to A. However, when we examine the effects of A at different
levels of factor B, we see that this is not the case.

Factor A has an effect, but it depends on the level of factor B. That is,
knowledge of the AB interaction is more useful than knowledge of the
main effect. A significant interaction will often mask the significance of main
effects.

In the presence of significant interaction, the experimenter must usually
examine the levels of one factor, say A, with levels of the other factors fixed
to draw conclusions about the main effect of A.

(High)

Factor B

(Low)
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Factorial Design: The two-factor factorial design

The simplest types of factorial designs involve only two factors or sets of treatments.

There are “a” levels of factor A and “b” levels of factor B, and these are arranged in a factorial design;
that is, each replicate of the experiment contains all “ab” treatment combinations. In general, there are
“‘n” replicates.

An engineer is designing a battery for use in a device that will be subjected to
some extreme variations in temperature.

The only design parameter that she/he can select at this point is the plate
material (controlled factor) for the battery, and she/he has three possible
choices.

When the device is manufactured and is shipped to the field, the engineer has no
control over the temperature (uncontrolled factor) extremes that the device will
encounter, and she/he knows from experience that temperature will probably
affect the effective battery life (response).

However, temperature can be controlled in the product development
laboratory for the purposes of a test.
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Factorial Design: The two-factor factorial design

The engineer decides to test all three plate materials at three temperature levels—15, 70, and 125cF—
because these temperature levels are consistent with the product end-use environment.

Because there are two factors (plate material & temperature) at three levels, this design is sometimes
called a 32 factorial design (Two-Factor factorial).

Four batteries are tested at each combination of plate material and temperature, and all 36 tests are
run in random order.

Life (in hours) Data for the Battery Design Example

Temperature (°F)

Material

Type 15 70 125
] 130 155 34 40 20 70
74 180 80 D 82 38
2 150 188 |36 122 25 70
159 126 106 115 38 45
3 138 110 | 74 120 06 104
168 160 150 139 82 60
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Factorial Design: The two-factor factorial design

In this problem, the engineer wants to answer the following questions:

= What effects do material type and temperature have on the life of the battery?

» |s there a choice of material that would give uniformly long life regardless of temperature?

To pass to the general case, let y;;; be the observed

response when

Factor B
= factor Ais atthe t"level (i=1,2,..., a)and l ; ;
. .th " -
= factorBis atthe " level (j=1,2,...,Db) | i Yisis Vi L
. ".‘"H .r ":ll'! 2r ""}1 )
= for the k" replicate (k= 1, 2,..., n). i & )
] ] _ < 5 | Yo Y221+ Y222 Yap1sYop2s
In general, a two-factor factorial experiment will 8 | e Yo i Wit e W
appear as in table right. The order in which the abn Iz
observations are taken is selected at random so that 4| YarnsYai: Vi Vo Wosian M
] ] . = = !“lr" ! S "-":It'_?.' e "'LTEJH
this design is a completely randomized design. o o !
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Factorial Design: The two-factor factorial design

The observations in a factorial experiment can be described by a model. There are several ways to write the

model for a factorial experiment.

The effects model is -
=12
e o i 9
Vi =|H H T HB H (Bl Hew ns = 1,2,
| o= 1,2,
e
Overall Factor B
mean effect of the actor
effect interaction b
| between A B N N
1112 Y112 Y1212 Y1225 Yib1sY1p2s
effect of andBat  5nq0m RN, Y
the it level | €ach pairy oo
of the row component < 5 | Yarda Y221+ Y222 ALTIER TSR
5 Y ¥ R, -
factor A % » Y2bn
[
effect of the ji" T
level of the Yat1:Ya12 Ya21+ Ya22 Yab12 Yap2s
column factor B o
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Factorial Design: The two-factor factorial design

]
_ _ _ _ 1= 1,72, i bk
Another possible model for a factorial experiment is the
P s—l I } T i = ] P, b
Yiik = |Hij| T €ijk J > L )
means model. ' ' | k=1.2. "
.
We could also use a regression model as shown before. —
9 Wy = K+ 7+ B+ (zP);
Regression models are particularly useful when one or
. . P Factor B
more of the factors in the experiment are quantitative.
1 2 b
I Yirrs Y112 Y1210 Y122 Yib12 Y120
y = Po+ B1x1 + Boxy + 12X, + € +Piin » Y12n -
< 5 Var12 Y2 Y221+ Y222 Yap1s Yapas
;E_'_' '}‘El.rr ".‘1"‘22!? : -‘.T_?.h:z
2
il -vﬂll"}lﬂlf-‘ }ti._] "'u‘"" -‘i'lni‘hl *-.ll"-;i'fl_?"
"."f‘al.rr 1":;"1;' : -‘Ff.'.h:z
Fabio Stella Design of Experiments: A gentle introduction 13




Factorial Design: The two-factor factorial design

In the two-factor factorial, both row and column factors [l
(or treatments), A and B, are of equal interest. (= 2. ..o
. . . : o = | e ® o= 1.2 .
Specifically, we are interested in testing hypotheses Yijk = |Hij| T €ijk 1/ 2 '
about the: k=1,2, L
= equality of row treatment effects -
Hyry=5p=---=1,=0 Wi = 1 H T [H B+ |(7h);
H,:at least one 7; # 0
Factor B
equality of column treatment effects : " 5
H 2 — — R — Cl
0 ﬁ] ﬁz ﬁ"-!’ I Vit Y112 Y1212 Y122 Vi1 Yip2s
H, :at least one f; # 0 Viin Y120 © 2V ibm
< 5 | Yada Y2212 Y22 Yap12 Yap2s
determining whether row and column S <+ Yo + 2 Y2, « o+ s Vopy
treatments interact 3
: =) Jorallsg § - .
H‘] [rﬁ]{f ) forall by a | YarrsYaiz: Yaz21+ Ya22 Yab12 Yap2s
P PR, 3 -
H| . ;1[ IEH.."!I. one (rﬂ‘}{f ?é {] Jaln Jdaln * Fabn
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Factorial Design: The two-factor factorial design

a b n a b n
— .5 y

Total Corrected Sum of Squares Viag:—N3 ) = y = Vo

=1 =1 k=1 i=1 j=1 k=1
.51-51]" — 55‘,1 + 151-518 + lgtgﬂﬂ + .51;51!__—.-
The total sum of squares is partitioned into a Effect Degrees of Freedom
= sum of squares due to “rows,” or factor A, (SS,); A a1

B b—1

= sum of squares due to “columns,” or factor B, (SSp); ¥ L @D -1)
= sum of squares due to the interaction between A and B, (SS,z); Error ab(n—1)
= sum of squares due to error, (SSg). Total abn — 1
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Factorial Design: The two-factor factorial design

The Analysis of Variance Table for the Two-Factor Factorial, Fixed Effects Model

Source of Sum of Degrees of
Variation Squares Freedom Mean Square F,
_ 55, MS,
A treatments WA a—1 MS, = i F, WS,
| SS, MS,
B treatments 58, b—1 MS, = i F, M—SE
: 5S4 MS
Interaction SS,4p (@a— 1)(b—-1) MS,, = @Dk =1 F, s,
5SS,
Error S8, ab(n—1) MS,. = DD
Total SS; abn — 1
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Factorial Design: The two-factor factorial design

S8 = 857 — SSyaerial — 997

emperature

SS

Interaction

= 77.646.97 — 10,683.72 — 39,118.72

—9613.78 = 18,230.75

Life Data (in hours) for the Battery Design Experiment

Temperature (°F)

Material Type 15 100 ) 125 yi
130 155 34 40 20 70
[1 74 180 ] 80 75 82 58 998
150 188 136 122 25 70
2 159 126 106 115 58 45 @ 1300
138 110 174 120 06 104
[3 168 160 150 139 82 60 1501 J
= 1738 1291 170 M99 =y
Yi \_ ) Y
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Factorial Design: The two-factor factorial design

Analysis of Variance for Battery Life Data

Source of Sum of Degrees of Mean

Variation Squares Freedom Square F, P-Value

Material types 10.683.72 2 5.341.86 1.91 0.0020

Temperature 39,118.72 2 19.559.36 28.97 < 0.0001

Interaction 9.613.78 4 2.403.44 3.56 0.0186

Error 18.230.75 27 675.21

Total 17.646.97 35

The Analysis of Variance Table for the Two-Factor Factorial, Fixed Effects Model

Source of Sum of Degrees of

Variation Squares Freedom Mean Square F,

A treatments SS 71— 1 MS, = 554 F _ Ms,
reatments 4 a— A= 0= M,

B treatments SS b—1 MS, = 28 By T
reatments B - B p_ "7 MS,

: SSap MS
Interaction 5SS, (@a—1)b—1) MS,, = @~ DG=D Fy= 35,
5S¢

Error 5SS, ab(n—1) MS; = BT

Total S8, abn — 1
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Factorial Design: The two-factor factorial design

Analysis of Variance for Battery Life Data

Source of Sum of Degrees of Mean

Variation Squares Freedom Square F, P-Value
Material types 10.683.72 2 5.341.86 7.91 0.0020
Temperature 39.118.72 2 19.559.36 28.97 < 0.0001
Interaction 0.613.78 - 240344 3.56 0.0186
Error 18,230.75 27 675.21

Total 17,646.97 35

The significant interaction is indicated by the lack of

| parallelism of the lines. In general, longer life is attained

L .- at low temperature, regardless of material type.
b :\ B Changing from low to intermediate temperature, battery life
2 \\\ with material type 3 may actually increase, whereas it
;100 \\_ Materialype s dE€CTE@sEs for types 1 and 2.
2 I \. \\: Material type From intermediate to high temperature, battery life

=t Materialtype 2 decreases for material types 2 and 3 and is essentially

S unchanged for type 1.

¢ - - i Material type 3 seems to give the best results if we want

— —/ . .
Temperature (°F) less loss of effective life as the temperature changes.
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Factorial Design: The two-factor factorial design

When interaction is significant, comparisons between the means of

one factor (e.g., A) may be obscured by the AB interaction. e |

One approach to this situation is to fix factor B at a specific level v
and apply Tukey’s test to the means of factor A at that level.

it

S
|$:‘125 - \\
To illustrate, suppose that we are interested in detecting E 0l \
differences among the means of the three material types. % \ Material type 3
@ 75—
Z P

Because interaction is significant, we make this comparison at just 8 Natatial iypad

50 Material 2
one level of temperature, say level 2 (700F). R
25
We assume that the best estimate of the error variance is the MS¢ . | | |
from the ANOVA table, utilizing the assumption that the 15 70 125
experimental error variance is the same over all treatment femparaire )
combinations (homoscedastic).
Yia, = 37.25 (material type 1) 3vs.1: 14575 —57.25 = 88.50 > Ty 5 = 45.47
Vop =% 119,75 (material type 2) Toyos = 45.47 3 vs. 2: 145.75 — 119.75 = 26.00 < Ty s = 45.47
Vip = 145.75 (material type 3) LT 119.75 — 57.25 = 62.50 > T, 55 = 45.47
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Factorial Design: The two-factor factorial design

When interaction is significant, comparisons between the means of
one factor (e.g., A) may be obscured by the AB interaction.

1

One approach to this situation is to fix factor B at a specific level 1

and apply Tukey’s test to the means of factor A at that level.

To illustrate, suppose that we are interested in detecting

o

'1

fevy

75

50

25

100

75

50

25

it

-—\
\\\

\ Material type 3
s

® Material type 1
e Material type 2

|
70 125
—/
Temperature (°F)

145.75 — 57.25 = 88.50 > Ty 5 = 4547 |

145.75 — 119.75 = 26.00 < T o5 = 45.47

differences among the means of the three material types. %
Because interaction is significant, we make this comparison at just <
one level of temperature, say level 2 (700F).

We assume that the best estimate of the error variance is the MS¢

from the ANOVA table, utilizing the assumption that the

experimental error variance is the same over all treatment
combinations.

This analysis indicates that at the temperature level 700F, :3 v, 12
the|mean battery life is the same for material types 2 and 3 (1 L
and that the mean battery life for material type 1 is —
significantly lower in comparison to both types 2 and 3. kl vs. 1:

119.75 — 57.25 = 62.50 > T,y o = 45.47 |

Fabio Stella Design of Experiments: A gentle introduction
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Factorial Design: The two-factor factorial design

Response Life
Whole Model
Actual by Predicted Plot

Life actual

200

| ' | ' |
50 100 150
Life predicted P<.0001
RSg =0.77 RMSE = 25.985

200

Summary of Fit

(RSquare 0.76521}—
RSquare Adj 0.695642
Root Mean Square Error 25.98486 — >
Mean of Response 105.5278
Observations (or Sum Wgts) 36

Analysis of Variance

77 percent of the variability in the
battery life is explained by the
plate material in the battery, the
temperature, and the material
type—temperature interaction,

'SSMD:iei — SSMaterial 1 SSTempemtu re SS[I‘itEI'H{‘ﬁDI]

= 10,683.72 4+ 39,118.72 4 9613.78
= 59,416.22

Source DF  Sum of Squares Mean Square F Ratio
[ Model 3 59416.222 7427.03 10.9995

Error 27 18230.750 675.21 Prob > F

C.Total 35 77646.972 <.001

Effect Tests

Source Nparm DF Sum of Squares F Ratio Prob > F

Material Type 2 2 10683.722 79114 0.0020

Temperature 2 2 39118.722 28.9677 <.0001

Material Type Temperature - - 9613.778 3.5595 0.0186

Y
at least one of
the three terms
58 5 .22 . :
P M A6 0.7652 in the model is

SSto  17.646.97

significant.

Fabio Stella
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Factorial Design: The two-factor factorial design

Residuals for Example 5.1

60
Temperature (°F) O
Material Type 5 70 125 % -
- 0 =
- = 20
1 —4.75 20.25 ~9325 ~17.25 -37.50 12.50 0 H H
—60.75 45.25 2273 LETS 24.50 0.50 B r B g
2 =575 32.25 16.25 2.25 -24.50 20.50 2 B o H
3.25 —29.75 —13.75 —4.75 8.50 —4.50 -20 S =
. |
3 —6.00 —34.00 28.25 -25.75 10.50 18.50 = o
24.00 16.00 4.25 —6.75 —3.50 —25.50 -
-60 o
80 | | |
15 70 125
Temperature (°F)
80 60
60 - 40 "
= O |
= 40 |- o 2 E - B
E a5 L m & m e g . -
a % O o | O
o i) 0 0 Q
3 L0 "o = s > ; . -
: : - 9 B Hmm " 0 -
O D —
2 20 |- - . - H DD]
. H 40 m
—40
B0 |- o -60 O
| | | | | 80 ' ! ' e | | |
-60.75 ~34.25 -775 18.75 45.25 50 100 150 200 1 2 3
Residual f;‘ﬂe Material type
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Factorial Design: The general factorial design

The results for the two-factor factorial design may be extended to the general case where there are
“a” levels of factor A, “b” levels of factor B, “c” levels of factor C, and so on, arranged in a

factorial experiment.

In general, there will be abc . . . n total observations if there are n replicates of the complete experiment.

Once again, note that we must have at least two replicates (n 2 2) to determine a sum of squares due to error if

all possible interactions are included in the model.

For example, consider the three-factor analysis of variance model:

i) U8 SR

J=12 5458

Vi =H+ 7, + [J} + ¥+ (r,ﬁ}ﬁ + (V) + (ﬁ}’)_;.a; "'(Tﬁ?’},j;; + €k ; k=19 C
=12, 7
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Factorial Design: The general factorial design

Assuming that
A, B, and C are
fixed, the
analysis of
variance table is
shown in the table
to the right.

The F-tests on
main effects and
interactions
follow directly
from the expected
mean squares.

The Analysis of Variance Table for the Three-Factor Fixed Effects Model

Source of Sum of Degrees of Mean
Variation Square Freedom Squares Expected Mean Square F,
ben Y T2 MS
A SS — 1 MS 2y —=~ Fo=—>
. “ A R 0= s,
. acn ¥ ,Gj.z MS,
B SSy b—1 MS, o +ﬁ Fy,= M_.SE
abny y? MS,
& SS =1 MS Py — Fy=
¢ ‘ ¢ R 0= Ms,
AB SS 1= 1)(b—1 MS 2y 2 2ED, Fy = Lz
4 = ha—=N 4B T a-noe- 0= Ms,
bn (r;f}.z_ MS
AC SS 4 (a—c—1) MS o2 + 2 27 F, i
(a—1)(c—1) MS
BC sS (b— D)(c—1) MS 2 M2 2P, F, = M
; i - _ ; 24 J
Be e Be T == 07 MS,
n XX X(Thy) MS
ABC SS 1 — 1)(b— 1)(c— 1 MS 2 + i F= 228
ABC (¢ ) )(¢ ) ABC o a—1 )(b “Dic—1 0 MSE
Error SSg abc(n — 1) MS o’
Total SSy abcn — 1

Fabio Stella
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Factorial Design: Fitting response curves and surfaces

The ANOVA always treats all of the factors in the experiment as if they were qualitative or categorical.
However, many experiments involve at least one quantitative factor.

It can be useful to fit a response curve to the levels of a quantitative factor so that the experimenter

has an equation that relates the response to the factor.

This equation might be used for interpolation, that is, for predicting the response at factor levels

between those actually used in the experiment.

When at least two factors are quantitative, we can fit a response surface for predicting y at various

combinations of the design factors.

In general, linear regression methods are used to fit these models to the experimental data.

Fabio Stella Design of Experiments: A gentle introduction
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Factorial Design: Fitting response curves and surfaces

The effective life of a cutting tool (response) installed in a numerically controlled machine is thought to be
affected by the cutting speed (factor) and the tool angle (factor).

Three speeds (levels) and three angles (levels) are selected, and a 32 factorial experiment with two
replicates (n=2) is performed. The circled numbers in the cells are the cell totals {y;.}.

Data for Tool Life Experiment

Total Angle Cutting Speed (in/min)

(degrees) 125 150 175 Vi

- ® .
s @

OO
OOXO

)
h
e

-
.

I

S I

12
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Factorial Design: Fitting response curves and surfaces

Response Tool Life

Whole Model

Actual by Predicted Plot

6 —

=
I

[N
I

o
I

. Tool life actual

¥
I

|

-4
3 9 1 0

RMSE=1.2019

ol
1 2 3 4 5 6

Tool life predicted
P=0.0013 RSq=0.90

Analysis of Variance

Source DF
Model 8
Error 9
C. Total 17
Effect Tests

Source

Angle

Speed

Angle*Speed

Sum of Squares
111.00000
13.00000
124.00000

Nparm D

S

= N
SR Y T T

2 55 Model

5 ‘STotal
Summary of Fit
RSquare 0.895161
RSquare Adj 0.801971
Root Mean Square Error 1.20185
Mean of Response 1.333333
Observations (or Sum Wgts) 18
Mean Square F Ratio
13.8750 9.6058
1.4444 Prob > F
0.0013
Sum of Squares F Ratio Prob > F
24.333333 8.4231 0.0087
25333333 8.7692 0.0077
61.333333 10.6154 0.0018

Residual by Predicted Plot

2.0
1.5 - .

1.0 < ] L] .
05 — 5 . .
0.0

residual

Tool life
S
en
|

=10 . . -
154 e

2.5 — o o
-3 -2 -1 0 1 2 3 4 5 &6
Tool life predicted

This is a classical ANOVA, treating both

factors as categorical.

Notice that design factors tool angle and
speed as well as the angle—speed

interaction are significant.

Fabio Stella
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Factorial Design: Fitting response curves and surfaces

Since the factors are quantitative, and both factors have

three levels, we fit a second-order model such as

y =|Bo|t+ B1x4

+ Baxo| +|Brax1xz + Br1xt + Baaxi|+ €

intercept angle speed

Analysis of Variance

Response Tool Life
Actual by Predicted Plot

6 — '
&4 — '
2:'_ '

| Tool life actual

47 F 1 0 0 T

Source DF Sum of Squares Mean Square F Ratio 3 2 10 1 2 3 4 5' 6

Model 5 57.66667 11.5333 2.0864 Tool life predicted

Error 12 66.33333 5.5278 Prob > F P=0.1377 RSq = 0.47

C. Total 17 124.00000 0.1377 RMSE = 2.3511

Parameter Estimates

Term Estimate i Meroe ¢ Ratio Prob > || Summary of Fit

Intercept | -8 5.048683 =1.58 0.1390 RSL‘[[]H]'E‘ ‘ 0.465054

Angle | 0.1666667 0.135742 123 0.2431 . e

Soocd I 0.0533333 0.027148 e i) RSquare Adj 0.242159

(Angle-20)*(Speed-150) —0.008 0.00665 ~1.20 0.2522 Root Mean Square Error 2.351123

(Angle-20)*(Angle-20) —-0.08 0.047022 -1.70 0.1146 Mean of Response 1.333333

(Speed-150)*(Speed-150) ~0.0016 0.001881 —0.85 04116 Observations (or Sum Wats) 18
29
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Factorial Design: Fitting response curves and surfaces

Prediction Profiler

Tool life
3.781746
+2.384705

Desirability
0.696343

A v oN &~ O

1

0.75
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= © M O N =T Do o o o S N = R Iy Wwy Lw s
— = ™ o N N NoWw 0 & w0 © ~ o N o It
— — = = ™ ~— — o o
20.2381 166.0714
Angle Speed Desirability

A graphical display showing
the response variable life as a
function of each design factor,
angle and speed.

The prediction profiler is very
useful for optimization.

Here it has been set to the
levels of angle and speed that
result in maximum predicted
life.
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Factorial Design: Fitting response curves and surfaces

Y = Bo + Bixy + Baxy + Praxixy + BraXt + Paaxs + €

Response Tool Life
Actual by Predicted Plot

6 —

(T
[ |

o
I

Tool life actual

|
r
|

|

A

e
-3 -2 -1 0 1 2 3 4

Tool life predicted

P=0.1377 RSq = 0.47
RMSE = 2.3511

I
5 6

Summary of Fit

RSquare

RSquare Adj

Root Mean Square Error
Mean of Response
Observations (or Sum Wets)

2351123

Part of the reason for the relatively poor fit of the
second order model is that only one of the four degrees

of freedom for interaction are accounted for in this

model.

In addition to the term £;,x;x,, there are three other terms
that could be fit to completely account for the four degrees

of freedom for interaction, namely

2 2 2.2
P112X1%; P122%1%)5 P1122%1 %3
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Factorial Design: Fitting response curves and surfaces

y = Bo + Bixy + Baxs + BiaXxixy + P11 Xt + BaaXs + Pr12Xi Xy + PraaX1x5 + Brisaxixs + €

Response Tool Life Response Y
Actual by Predicted Plot Actual by Predicted Plot
6 — 6 — .o

g 47 -

= TU —1 - 4

o2 3 2] “ o

= 2 |

g 0 > 00— - ®

l_ ] —1 - '.' L]

==
- -2 — .
—4 o6 0 0t B ]
3-2-10 1 2 3 4 5 6 i T B R ! s s R
Tool life predicted -4 -3-2-101 2 3 4 5 6 7
P=0.1377 RSq = 0.47 Y Predicted P=0.0013
RMSE = 2.3511 RSq = 0.90 RMSE = 1.2019

Summary of Fit Summary of Fit
RSquare 0.465( RSquare 0.895161
RSquare Ad 0.24215 RSquare Adj 0.801971
Root Mean Square Error 2351123 Root Mean Square Error 1.20185
Mean of Response 1.333333 Mean of Response 1333335
Observations (or Sum Wgts) 18 Observations (or Sum Wgts) 18
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Factorial Design: Fitting response curves and surfaces

Analysis of Variance

Source DF Sum of Squares Mean Square I Ratio
Model 8 [11.00000 13.8750 9.6058
Error 13.00000 4444 Prob > F
C. Total 17 124.00000 0.0013*
Parameter Estimates

Term Estimate Std Error f Ratio Prob > |¢|
Intercept —24 4.41588 —5.43 0.0004*
Angle 0.7 0.120185 5.82 0.0003*
Speed 0.08 0.024037 553 0.0088*
(Angle-20)*(Speed-150) —0.008 0.003399 —-2.35 0.0431%
(Angle-20)*(Angle-20) 2.776e-17 0.041633 0.00 1.0000
(Speed-150)*(Speed-150) 0.0016 0.001665 0.96 0.3618
(Angle-20)*(Speed-150)*(Angle-20) —0.0016 0.001178 ~1.36 0.2073
(Speed-150)*(Speed-150)*(Angle-20) —0.00128 0.000236 —-5.43 0.0004*
(Angle-20)*(Speed-150)*(Angle-20)*(Speed-150) —0.000192 8.158a-5 —2.35 0.0431%
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Factorial Design: Fitting response curves and surfaces

Effect Tests
Sum of
Source Nparm DF Squares F Ratio Prob > F
Angle ] l 49.000000 33.923] 0.0003*
Speed ] l 16.000000 11.0769 0.0088*
Angle*Speed 1 l 8.000000 5.5385 0.0431%
Angle*Angle ] | 6.4198e-31 0.0000 1.0000
Speed*Speed 1 l 1.333333 0.9231 0.3618
Angle*Speed*Angle 1 l 2.666667 1.8462 0.2073
Speed*Speed*Angle ] l 42.666667 29.5385 0.0004*
Angle*Speed*Angle*Speed 1 l 8.000000 5.5385 0.0431%
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Factorial Design: Fitting response curves and surfaces

Prediction Profiler

+1.922464

Desirability
0.849109

25 149.99901
Angle Speed

Desirability
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Factorial Design: Fitting response curves and surfaces

175.00
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Tool angle
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150.00 2500
Speed 137.50 1750 Tool angle
125.00975 00
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