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Factorial Design

LECTURE LEARNING OBJECTIVES

1) Learn the definitions of main effects and interactions.

2) Learn about two-factor factorial experiments.

3) Learn how the analysis of variance can be extended to factorial experiments.

4) Know how to check model assumptions in a factorial experiment.

5) Know how factorial experiments can be used for more than two factors.

6) Know how to analyze factorial experiments by fitting response curves and surfaces.
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Factorial Design: Basic definitions and principles

Factorial Design; in each complete trial or replicate of the experiment,     

all possible combinations of the levels of the factors are investigated.
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When factors are arranged in a factorial design, they are often said to be 

crossed.

The effect of a factor is defined to be the change in response produced 

by a change in the level of the factor. This is also called a main effect 

because it refers to the primary factors of interest in the experiment.

Main Effect of A; difference between the average response at the 

High level of A and the average response at the Low level of A.

Increasing factor A from the Low level to the High level causes an average 

response increase of 21 units.



Factorial Design: Basic definitions and principles

In some experiments, we may find that the difference in response 

between the levels of one factor is not the same at all levels of the 

other factors. When this occurs, there is an interaction between the 

factors.

Because the effect of A depends on the level chosen for factor B, 

we see that there is interaction between A and B.

The magnitude of the interaction effect is the average difference 

in these two A effects, or 

𝐴𝐵 =
ିଶ଼ିଷ

ଶ
= −29

Clearly, the interaction is large in this experiment.
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Factorial Design: Basic definitions and principles

Plots the response data against factor A 

for both levels of factor B. Note that the 

B− and B+ lines are approximately 

parallel, indicating a lack of 

interaction between factors A and B.
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Plots the response data against factor A 

for both levels of factor B. Here we see 

that the B− and B+ lines are not parallel. 

This indicates an interaction between 

factors A and B.



Factorial Design: Basic definitions and principles

There is another way to illustrate the concept of 

interaction. 

Suppose that both of our design factors are 

quantitative (such as temperature, pressure, time). 

Then a regression model representation of the

two-factor factorial experiment could be written as
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𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝜀

response Factor A

Factor B

random 
error term

𝛽଴ =
20 + 40 + 30 + 52

4
= 35.5

𝛽ଵ =
21

2
= 11.5 𝛽ଶ =

11

2
= 5.5

𝛽ଵଶ =
1

2
= 0.5

𝐴𝐵 =
20 + 52

2
−

30 + 40

2
= 1

𝑦 = 35.5 + 11.5𝑥ଵ + 5.5𝑥ଶ + 0.5𝑥ଵ𝑥ଶ + 𝜀 Least Squares Estimate

Interaction 
AB



Factorial Design: Basic definitions and principles
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𝑦 = 35.5 + 11.5𝑥ଵ + 5.5𝑥ଶ + 0.5𝑥ଵ𝑥ଶ + 𝜀 𝑦 = 35.5 + 11.5𝑥ଵ + 5.5𝑥ଶ + 𝜀

Small compared to 
main effects



Factorial Design: Basic definitions and principles
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Factorial Design: Basic definitions and principles
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Generally, when an interaction is large, the corresponding main effects 

have little practical meaning. 

For the experiment in figure to the right,                                                        

we would estimate the main effect of A                                                                        

to be

The main effect is very small, and we are tempted to conclude that there is 
no effect due to A. However, when we examine the effects of A at different 
levels of factor B, we see that this is not the case. 

Factor A has an effect, but it depends on the level of factor B. That is, 
knowledge of the AB interaction is more useful than knowledge of the 
main effect. A significant interaction will often mask the significance of main 
effects.

In the presence of significant interaction, the experimenter must usually 
examine the levels of one factor, say A, with levels of the other factors fixed 
to draw conclusions about the main effect of A.



Factorial Design: The two-factor factorial design
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The simplest types of factorial designs involve only two factors or sets of treatments. 

There are “a” levels of factor A and “b” levels of factor B, and these are arranged in a factorial design; 
that is, each replicate of the experiment contains all “ab” treatment combinations. In general, there are
“n” replicates.

An engineer is designing a battery for use in a device that will be subjected to 
some extreme variations in temperature. 

The only design parameter that she/he can select at this point is the plate 
material (controlled factor) for the battery, and she/he has three possible 
choices. 

When the device is manufactured and is shipped to the field, the engineer has no 
control over the temperature (uncontrolled factor) extremes that the device will 
encounter, and she/he knows from experience that temperature will probably 
affect the effective battery life (response). 

However, temperature can be controlled in the product development 
laboratory for the purposes of a test.



Factorial Design: The two-factor factorial design
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The engineer decides to test all three plate materials at three temperature levels—15, 70, and 125∘F—
because these temperature levels are consistent with the product end-use environment. 

Because there are two factors (plate material & temperature) at three levels, this design is sometimes 
called a 𝟑𝟐 factorial design (Two-Factor factorial).

Four batteries are tested at each combination of plate material and temperature, and all 36 tests are 
run in random order.



Factorial Design: The two-factor factorial design
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In this problem, the engineer wants to answer the following questions:

 What effects do material type and temperature have on the life of the battery?

 Is there a choice of material that would give uniformly long life regardless of temperature?

To pass to the general case, let 𝒚𝒊𝒋𝒌 be the observed 

response when 

 factor A is at the ith level (i = 1, 2, . . . , a) and 

 factor B is at the jth level (j = 1, 2, . . . , b)

 for the kth replicate (k = 1, 2, . . . , n). 

In general, a two-factor factorial experiment will 

appear as in table right. The order in which the abn

observations are taken is selected at random so that 

this design is a completely randomized design.



Factorial Design: The two-factor factorial design
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Overall 
mean 
effect

effect of 
the ith level 
of the row 
factor A

effect of the jth

level of the 
column factor B

effect of the 
interaction 
between A 
and B at 
each pair ij

random 
error 
component

The observations in a factorial experiment can be described by a model. There are several ways to write the 

model for a factorial experiment. 

The effects model is



Factorial Design: The two-factor factorial design
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Another possible model for a factorial experiment is the 

means model.

We could also use a regression model as shown before.

Regression models are particularly useful when one or 

more of the factors in the experiment are quantitative.

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝜀



Factorial Design: The two-factor factorial design
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In the two-factor factorial, both row and column factors      
(or treatments), A and B, are of equal interest. 

Specifically, we are interested in testing hypotheses    
about the:  

 equality of row treatment effects

 equality of column treatment effects

 determining whether row and column                          
treatments interact



Factorial Design: The two-factor factorial design
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The total sum of squares is partitioned into a 

 sum of squares due to “rows,” or factor A, (SSA); 

 sum of squares due to “columns,” or factor B, (SSB); 

 sum of squares due to the interaction between A and B, (SSAB); 

 sum of squares due to error, (SSE).

Total Corrected Sum of Squares

Fundamental ANOVA equation for the two-factor factorial



Factorial Design: The two-factor factorial design
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Factorial Design: The two-factor factorial design
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Factorial Design: The two-factor factorial design
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Factorial Design: The two-factor factorial design
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The significant interaction is indicated by the lack of 
parallelism of the lines. In general, longer life is attained 
at low temperature, regardless of material type.

Changing from low to intermediate temperature, battery life 
with material type 3 may actually increase, whereas it 
decreases for types 1 and 2. 

From intermediate to high temperature, battery life 
decreases for material types 2 and 3 and is essentially 
unchanged for type 1. 

Material type 3 seems to give the best results if we want 
less loss of effective life as the temperature changes.



Factorial Design: The two-factor factorial design
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When interaction is significant, comparisons between the means of 
one factor (e.g., A) may be obscured by the AB interaction.

One approach to this situation is to fix factor B at a specific level 
and apply Tukey’s test to the means of factor A at that level.

To illustrate, suppose that we are interested in detecting 
differences among the means of the three material types.

Because interaction is significant, we make this comparison at just 
one level of temperature, say level 2 (70∘F).

We assume that the best estimate of the error variance is the MSE

from the ANOVA table, utilizing the assumption that the 
experimental error variance is the same over all treatment 
combinations (homoscedastic).

𝑇଴.଴ହ = 45.47



Factorial Design: The two-factor factorial design
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When interaction is significant, comparisons between the means of 
one factor (e.g., A) may be obscured by the AB interaction.

One approach to this situation is to fix factor B at a specific level 
and apply Tukey’s test to the means of factor A at that level.

To illustrate, suppose that we are interested in detecting 
differences among the means of the three material types.

Because interaction is significant, we make this comparison at just 
one level of temperature, say level 2 (70∘F).

We assume that the best estimate of the error variance is the MSE

from the ANOVA table, utilizing the assumption that the 
experimental error variance is the same over all treatment 
combinations.

This analysis indicates that at the temperature level 70∘F, 
the mean battery life is the same for material types 2 and 3 
and that the mean battery life for material type 1 is 
significantly lower in comparison to both types 2 and 3.



Factorial Design: The two-factor factorial design
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at least one of 
the three terms 
in the model is 
significant.

77 percent of the variability in the 
battery life is explained by the 
plate material in the battery, the 
temperature, and the material 
type–temperature interaction,



Factorial Design: The two-factor factorial design
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Factorial Design: The general factorial design
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The results for the two-factor factorial design may be extended to the general case where there are

“a” levels of factor A, “b” levels of factor B, “c” levels of factor C, and so on, arranged in a 

factorial experiment. 

In general, there will be abc . . . n total observations if there are n replicates of the complete experiment. 

Once again, note that we must have at least two replicates (n ≥ 2) to determine a sum of squares due to error if 

all possible interactions are included in the model.

For example, consider the three-factor analysis of variance model:



Factorial Design: The general factorial design

Fabio Stella Design of Experiments: A gentle introduction 25

Assuming that 
A, B, and C are 
fixed, the 
analysis of 
variance table is 
shown in the table 
to the right. 

The F-tests on 
main effects and 
interactions 
follow directly 
from the expected 
mean squares.



Factorial Design: Fitting response curves and surfaces
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The ANOVA always treats all of the factors in the experiment as if they were qualitative or categorical. 

However, many experiments involve at least one quantitative factor. 

It can be useful to fit a response curve to the levels of a quantitative factor so that the experimenter 

has an equation that relates the response to the factor. 

This equation might be used for interpolation, that is, for predicting the response at factor levels 

between those actually used in the experiment.

When at least two factors are quantitative, we can fit a response surface for predicting y at various 

combinations of the design factors. 

In general, linear regression methods are used to fit these models to the experimental data.



Factorial Design: Fitting response curves and surfaces
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The effective life of a cutting tool (response) installed in a numerically controlled machine is thought to be 
affected by the cutting speed (factor) and the tool angle (factor). 

Three speeds (levels) and three angles (levels) are selected, and a 32 factorial experiment with two 
replicates (n=2) is performed. The circled numbers in the cells are the cell totals {yij.}.



Factorial Design: Fitting response curves and surfaces
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This is a classical ANOVA, treating both 

factors as categorical.

Notice that design factors tool angle and 

speed as well as the angle–speed 

interaction are significant.



Factorial Design: Fitting response curves and surfaces
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Since the factors are quantitative, and both factors have 

three levels, we fit a second-order model such as

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝛽ଵଵ𝑥ଵ
ଶ + 𝛽ଶଶ𝑥ଶ

ଶ + 𝜀

intercept angle speed



Factorial Design: Fitting response curves and surfaces
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A graphical display showing 
the response variable life as a
function of each design factor, 
angle and speed. 

The prediction profiler is very 
useful for optimization.

Here it has been set to the 
levels of angle and speed that 
result in maximum predicted
life.



Factorial Design: Fitting response curves and surfaces
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Part of the reason for the relatively poor fit of the    

second order model is that only one of the four degrees 

of freedom for interaction are accounted for in this 

model.

In addition to the term 𝛽ଵଶ𝑥ଵ𝑥ଶ, there are three other terms 

that could be fit to completely account for the four degrees 

of freedom for interaction, namely

𝛽ଵଵଶ𝑥ଵ
ଶ𝑥ଶ                     𝛽ଵଶଶ𝑥ଵ𝑥ଶ

ଶ                𝛽ଵଵଶଶ𝑥ଵ
ଶ𝑥ଶ

ଶ

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝛽ଵଵ𝑥ଵ
ଶ + 𝛽ଶଶ𝑥ଶ

ଶ + 𝜀



𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝛽ଵଵ𝑥ଵ
ଶ + 𝛽ଶଶ𝑥ଶ

ଶ + 𝛽ଵଵଶ𝑥ଵ
ଶ𝑥ଶ + 𝛽ଵଶଶ𝑥ଵ𝑥ଶ

ଶ + 𝛽ଵଵଶଶ𝑥ଵ
ଶ𝑥ଶ

ଶ + 𝜀

Factorial Design: Fitting response curves and surfaces
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Factorial Design: Fitting response curves and surfaces
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Factorial Design: Fitting response curves and surfaces
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Factorial Design: Fitting response curves and surfaces
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Factorial Design: Fitting response curves and surfaces

Fabio Stella Design of Experiments: A gentle introduction 36


