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2K Factorial Design

LECTURE LEARNING OBJECTIVES

1) 2ଶ and 2ଷ designs

2) Residuals and model adequacy

3) Regression model and response surface

4) Dispersion effect

5) Center points

6) First-order and second-order models
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2K Factorial Design: Basic definitions and principles

In the previous lecture we gave basics of factorial design, while several special cases of the general factorial 
design are important because they are widely used in research work and also because they form the basis of 
other designs of considerable practical value.

Fabio Stella Design of Experiments: A gentle introduction 2

The most important of these special cases is that of 𝑘 factors, each at only two levels. These levels may be 

 quantitative, such as two values of temperature, pressure, or time;

 qualitative, such as two machines, two operators, the “high” and “low” levels of a factor, or perhaps the 
presence and absence of a factor.

A complete replicate of such a design requires 2 × 2 ×⋯× 2 = 2௞ observations (𝟐𝒌 factorial design).

The 𝟐𝒌 design is particularly useful in the early stages of experimental work when many factors are likely to 
be investigated. 

It provides the smallest number of runs with which 𝒌 factors can be studied in a complete factorial design. 
Consequently, these designs are widely used in factor screening experiments.

Because there are only two levels for each factor, we assume that the response is approximately linear 
over the range of the factor levels chosen. In many factor screening experiments, when we are just starting to 
study the process or the system, this is often a reasonable assumption. We will present a simple method 
for checking this assumption and discuss what action to take if it is violated.



2K Factorial Design: 2ଶ factorial design
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Two factors; (A) reactant concentration, (B) amount of catalyst.

Outcome; yield of a chemical process.

Goal; determine if adjustments to either of these two factors would increase the yield.

Factors Levels; 

(A) reactant concentration, Low (15%) High (25%)

(B) amount of catalyst, Low (1 pound) High (2 pounds)

The experiment is replicated three times, so there are 12 runs. 

The order in which the runs are made is random, so this is a completely randomized experiment.
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The four treatment combinations in this design are 
shown graphically to the right.

High level of any factor in the treatment combination is 
denoted by the corresponding lowercase letter and that 
the low level of a factor in the treatment combination is 
denoted by the absence of the corresponding letter.

Thus, a represents the treatment combination of A at 
the high level and B at the low level, b represents A 
at the low level and B at the high level, and ab
represents both factors at the high level.
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In a two-level factorial design, we may define the 
average effect of a factor as the change in response 
produced by a change in the level of that factor 
averaged over the levels of the other factor.

Main Effect 
of Factor A

Main Effect 
of Factor B

Interaction 
Effect AB

contrast



Main Effect 
of Factor A
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In a two-level factorial design, we may define the 
average effect of a factor as the change in response 
produced by a change in the level of that factor 
averaged over the levels of the other factor.

 The effect of A is positive; increasing A from the low level (15%) to the high level (25%) will increase the yield. 

 The effect of B is negative; increasing the amount of B added to the process will decrease the yield.

 The interaction effect appears to be small relative to the two main effects.



Main Effect 
of Factor A
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In experiments involving 2௞ designs, it is always important to 

examine the magnitude and direction of the factor effects

to determine which variables are likely to be important. 

The analysis of variance can generally be used to confirm 

this interpretation (t-tests could be used too). 

In a two-level factorial design, we may define the 
average effect of a factor as the change in response 
produced by a change in the level of that factor 
averaged over the levels of the other factor.

Effect magnitude and direction should always be considered along with the ANOVA, because the ANOVA alone 

does not convey this information.
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The sum of squares for the three contrasts are

We can compute 
sums of squares by 
only squaring one 
number.
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Fabio Stella Design of Experiments: A gentle introduction 9

Results of the experiment in terms of a regression model

When the natural variables have only two levels, this coding will 
produce the ±1 notation for the levels of the coded variables.

Conc = 5𝑥ଵ + 20 Catalyst = 0.5𝑥ଶ + 1.5

𝑥ଵ = −1 ⇒ Conc = 15

𝑥ଵ = +1 ⇒ Conc = 25

𝑥ଶ = −1 ⇒ Catalyst = 1

𝑥ଶ = +1 ⇒ Catalyst = 2

𝐴 𝐵

grand average of 
all 12 observations
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The regression model can be used to obtain the predicted 
or fitted value of 𝒚 at the four points in the design. 

The residuals are the differences between the observed 
and fitted values of 𝒚.

𝑥ଵ = −1

𝑥ଶ = −1
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These plots appear satisfactory, so we have no reason to suspect that there are any problems with the 

validity of our conclusions.



2K Factorial Design: The response surface
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The regression model can be used to generate response surface plots. 

If it is desirable to construct these plots in terms of the natural factor levels, 

then we simply substitute the relationships between the natural and coded 

variables that we gave earlier into the regression model, yielding
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Suppose that three factors, A, B, and C, each at two levels, are of interest. 

Geometric coding
Orthogonal coding

Effects coding

DESIGN MATRIX

Treatment 
combinations

Low-High
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Consider estimating the main effects. 

First, consider estimating the main effect A.

DESIGN MATRIX

Main effect A when B=Low and C=Low
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Consider estimating the main effects. 

First, consider estimating the main effect A.

DESIGN MATRIX

Main effect A when B=Low and C=Low
𝑎 − 1

𝑛

Main effect A when B=High and C=Low
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Consider estimating the main effects. 

First, consider estimating the main effect A.

DESIGN MATRIX

Main effect A when B=Low and C=Low
𝑎 − 1

𝑛

Main effect A when B=High and C=Low
𝑎𝑏 − 𝑏

𝑛
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Consider estimating the main effects. 

First, consider estimating the main effect A.

DESIGN MATRIX

Main effect A when B=Low and C=Low
𝑎 − 1

𝑛

Main effect A when B=High and C=Low
𝑎𝑏 − 𝑏

𝑛

Main effect A when B=Low and C=High
𝑎𝑐 − 𝑐

𝑛

Main effect A when B=High and C=High
𝑎𝑏𝑐 − 𝑏𝑐

𝑛

MAIN EFFECT
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This equation can also be developed as a contrast
between the four treatment combinations in the 
right face of the cube in the figure and the four in the 
left face.
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This equation can also be developed as a contrast
between the four treatment combinations in the 
right face of the cube in the figure and the four in the 
left face.
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This equation can also be developed as a contrast
between the four treatment combinations in the 
right face of the cube in the figure and the four in the 
left face.
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The two-factor interaction effects 
may be computed easily.
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The two-factor interaction effects 
may be computed easily.
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The two-factor interaction effects 
may be computed easily.
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The two-factor interaction effects 
may be computed easily.
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The two-factor interaction effects 
may be computed easily.
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The three-factor interaction effects may be computed 
not that easily but it worth of your attention to check 
whether the above reasoning was clear enough.
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2K Factorial Design: The Regression Model and Response Surface
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The regression model for predicting etch rate is
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2K Factorial Design: Dispersion effect
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The process engineer working on the 
plasma etching tool was also interested in 
dispersion effects; that is, do any of the 
factors affect variability in etch rate 
from run to run?

One way to answer the question is to look 
at the range of etch rates for each of 
the eight runs in the 𝟐𝟑 design. 

These ranges are plotted on the cube to 
the right (R). 

Notice that the ranges in etch rates are 
much larger when both Gap and Power 
are at their high levels, indicating that 
this combination of factor levels may 
lead to more variability in etch rate 
than other recipes. 
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A potential concern in the use of two-level factorial designs is the assumption of linearity in the factor effects.

Of course, perfect linearity is unnecessary, and the 2௞ system will work quite well even when the linearity 
assumption holds only very approximately.

In fact, we have noted that if interaction terms are added to a main effect or first-order model, resulting in

then we have a model capable of representing some curvature in the response function. 
This curvature, of course, results from the twisting of the plane induced by the interaction terms 𝛽௜௝𝑥௜𝑥௝.

In some situations, the curvature in 
the response function will not be 
adequately modeled by the above 
equation.

In such cases, a logical model to 
consider is the second-order 
response surface model.

𝑦 = 𝛽଴ +෍𝛽௝𝑥௝ +෍෍𝛽௜௝𝑥௜𝑥௝
௜ழ௝

+෍𝛽௝௝𝑥௝
ଶ

௞

௝ୀଵ

+ 𝜀

௞

௝ୀଵ

second-order or 
quadratic effects
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In running a two-level factorial experiment, we usually anticipate fitting the first-order model in 

𝑦 = 𝛽଴ +෍𝛽௝𝑥௝ +෍෍𝛽௜௝𝑥௜𝑥௝
௜ழ௝

+෍𝛽௝௝𝑥௝
ଶ

௞

௝ୀଵ

+ 𝜀

௞

௝ୀଵ

but we should be alert to the possibility that the 
second-order model in

There is a method of replicating certain points 
in a 𝟐𝒌 factorial that will provide protection 
against curvature from second-order effects 
as well as allow an independent estimate of 
error to be obtained. 

The method consists of adding center points to 
the 2௞ design.


