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Fitting Regression Models

LECTURE LEARNING OBJECTIVES

1) Understand fitting linear regression models using the method of least squares.

2) Understand basic regression model inference, including tests for significance of regression, tests 
on individual model parameters and confidence intervals on the parameters.

3) Know how to use the model to estimate the mean response at a specific point and construct the 
associated confidence interval.

4) Know how to use the model to predict a new response at a specific point and construct the 
associated prediction interval.

5) Know the difference between a confidence interval on the mean response and a prediction interval 
on a new response and when each interval is appropriate.

6) Know how to use basic regression model diagnostics, such as residual plots, the PRESS statistic, 
and measures of leverage and influence.

7) Know how to test for lack of fit of a linear regression model.
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Fitting Regression Models: Introduction

In many problems two or more variables are related, and it is of interest to 

model and explore this relationship. 

For example, in a chemical process the yield of product is related to the 

operating temperature. The chemical engineer may want to build a model 

relating yield to temperature and then use the model for prediction, 

process optimization, or process control.
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In general, suppose that there is a single dependent variable or response 𝑦 that depends on 𝑘 independent 

or regressor variables, for example, 𝑥ଵ, 𝑥ଶ, … 𝑥௞.

The relationship between these variables is characterized by a mathematical model called a regression model.

The regression model is fit to a set of sample data.

In some instances, the experimenter knows the exact form of the true functional relationship between 𝑦 and 

𝑥ଵ, 𝑥ଶ, … 𝑥௞, in some cases not, thus it must approximate it.



Fitting Regression Models: Introduction

We will focus on fitting linear regression models. To illustrate, suppose that we wish to develop an empirical 

model relating the viscosity of a polymer to the temperature and the catalyst feed rate. 
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𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝜀

A model that might describe this relationship is

𝑦 , viscosity

𝑥ଵ, temperature

𝑥ଶ, catalyst feed rate

response

intercept

predictors or 
independent 

variables

partial 
regression 
coefficients

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + ⋯ + 𝛽௞𝑥௞ + 𝜀

Multiple Linear Regression model

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝜀

interaction term or 
rectangular term

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝛽ଵଶ𝑥ଵ𝑥ଶ + 𝛽ଶଶ𝑥ଶ
ଶ + 𝜀

power 
term



Fitting Regression Models: Estimation of Parameters

The method of least squares is typically used to 

estimate the regression coefficients in a multiple linear 

regression model.
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Suppose we are given a dataset where a response 

variable 𝑦 and 𝑘 regressor variables 𝑥ଵ, 𝑥ଶ , … , 𝑥௞ are 

measured on 𝑛 samples.

We assume that the error term 𝜀 in the model is such 

that the following conditions hold

 Ε 𝜀 = 0

 V 𝜀 = 𝜎ଶ

 𝜀௜ are uncorrelated random variables.

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + ⋯ + 𝛽௞𝑥௞ + 𝜀

𝑦௜ = 𝛽଴ + 𝛽ଵ𝑥௜ଵ + 𝛽ଶ𝑥௜ଶ + ⋯ + 𝛽௞𝑥௜௞ + 𝜀௜

𝑖 = 1,2, … , 𝑛𝑦௜ = 𝛽଴ + ෍ 𝛽௝𝑥௜௝

௞

௝ୀଵ

+ 𝜀௜
𝜀௜~𝑁𝐼𝐷 0, 𝜎ଶ



Fitting Regression Models: Estimation of Parameters

The method of least squares chooses the 𝛽௞’s in 

so that the sum of the squares of the errors, 𝜀௜, 

is minimized.
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𝑖 = 1,2, … , 𝑛𝑦௜ = 𝛽଴ + ෍ 𝛽௝𝑥௜௝

௞

௝ୀଵ

+ 𝜀௜

The least squares function is

𝐿 = ෍ 𝑦௜ − 𝛽଴ − ෍ 𝛽௝𝑥௜௝

௞

௝ୀଵ

ଶ
௡

௜ୀଵ

= ෍ 𝜀௜
ଶ

௡

௜ୀଵ

The solution to the normal equations will be the least 

squares estimators of the regression coefficients

𝛽መ଴, 𝛽መଵ … , 𝛽መ௞

𝑦ො௜ = 𝛽መ଴ + ෍ 𝛽መ௝𝑥௜௝

௞

௝ୀଵ



Fitting Regression Models: Tests on Individual Regression Coefficients and Groups of Coefficients
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𝛽መ଴

𝛽መଵ

𝛽መଶ

𝑦 = 𝛽଴ + 𝛽ଵ𝑥ଵ + 𝛽ଶ𝑥ଶ + 𝜀
𝑦 , viscosity

𝑥ଵ, temperature

𝑥ଶ, catalyst feed rate



Fitting Regression Models: Hypothesis Testing in Multiple Regression
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In multiple linear regression problems, certain tests of hypotheses about the model parameters are helpful in 

measuring the usefulness of the model.

We describe several important hypothesis-testing procedures, which require that the errors 𝜺𝒊 in the model be 

normally and independently distributed with mean zero and variance 𝝈𝟐.

𝜀௜~𝑁𝐼𝐷 0, 𝜎ଶ 𝑦௜~𝑁𝐼𝐷 𝛽଴ + ෍ 𝛽௝𝑥௜௝

௞

௝ୀଵ

, 𝜎ଶ

We now go into details of the following two hypothesis tests

 Test for Significance of Regression

 Tests on Individual Regression Coefficients and Groups of Coefficients



Fitting Regression Models: Test for Significance of Regression
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The test for significance of regression is a test to determine whether a linear relationship exists between the 

response variable 𝑦 and a subset of the regressor variables 𝑥ଵ, 𝑥ଶ , … , 𝑥௞.

𝐻଴: 𝛽ଵ = 𝛽ଶ = ⋯ = 𝛽௞ = 0

𝐻ଵ: 𝛽௝ ≠ 0, 𝑓𝑜𝑟 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑗

Rejection of 𝐻଴ implies that at least one of the regressor 

variables 𝑥ଵ, 𝑥ଶ , … , 𝑥௞ contributes significantly to the model
𝑦 = 𝛽଴ + ෍ 𝛽௝𝑥௝

௞

௝ୀଵ

The test procedure involves an analysis of variance partitioning of the total sum of squares into a sum of 

squares due to the model (or to regression) and a sum of squares due to residual (or error), say

𝑆𝑆் = 𝑆𝑆ோ + 𝑆𝑆ா = ෍ 𝑦௜ − 𝑦ത ଶ

௡

௜ୀଵ

= ෍ 𝑦ො௜ − 𝑦ത ଶ

௡

௜ୀଵ

+ ෍ 𝑦௜ − 𝑦ො௜
ଶ

௡

௜ୀଵ



Fitting Regression Models: Test for Significance of Regression
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If the null hypothesis is true

𝐻଴: 𝛽ଵ = 𝛽ଶ = ⋯ = 𝛽௞ = 0

The test procedure is to compute

𝐹଴ =  
𝑆𝑆ோ/𝑘

𝑆𝑆ா/ 𝑛 − 𝑘 − 1
=

𝑀𝑆ோ

𝑀𝑆ா

If

𝐹଴ > 𝐹ఈ,௞,௡ି௞ିଵ Reject 𝐻଴

𝐹଴ ≤ 𝐹ఈ,௞,௡ି௞ିଵ Not Reject 𝐻଴

Alternatively, we could use the p-value approach to 

hypothesis testing and reject 𝐻଴ if the p-value for the 

statistic 𝐹଴ is less than 𝛼. 

𝑆𝑆ோ

𝜎ଶ
~𝜒௞

ଶ

𝑆𝑆ா

𝜎ଶ
~𝜒௡ି௞ିଵ

ଶ

𝑆𝑆ோ and 𝑆𝑆ா are independent

Otherwise if



Fitting Regression Models: Test for Significance of Regression
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If the null hypothesis is true

𝐻଴: 𝛽ଵ = 𝛽ଶ = ⋯ = 𝛽௞ = 0

𝑆𝑆ோ

𝜎ଶ
~𝜒௞

ଶ

𝑆𝑆ா

𝜎ଶ
~𝜒௡ି௞ିଵ

ଶ

𝑆𝑆ோ and 𝑆𝑆ா are independent

The test procedure is to compute

𝐹଴ =  
𝑆𝑆ோ/𝑘

𝑆𝑆ா/ 𝑛 − 𝑘 − 1
=

𝑀𝑆ோ

𝑀𝑆ா



Fitting Regression Models: Test for Significance of Regression
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The p-value for 𝐹଴ is very small, so we would 
conclude that at least one of the two variables—
temperature (𝑥ଵ) and feed rate (𝑥ଶ)—has a nonzero 
regression coefficient.

p-value

𝑅ଶ =
𝑆𝑆ோ

𝑆𝑆்
= 1 −

𝑆𝑆ா

𝑆𝑆்

Measures the amount of 
reduction in the variability of 𝑦
obtained by using the regressor 
variables 𝑥ଵ and 𝑥ଶ in the model.



Fitting Regression Models: Test for Significance of Regression
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However, a large value of 𝑅ଶ does not necessarily 
imply that the regression model is a good one. 

Adding a variable to the model will always increase 
𝑅ଶ, regardless of whether the additional variable is 
statistically significant or not. 

Thus, it is possible for models that have large values 
of 𝑅ଶ to yield poor predictions of new observations or 
estimates of the mean response.

Therefore, we prefer to use an adjusted statistic

𝑅௔ௗ௝
ଶ = 1 −

𝑆𝑆ா

𝑛 − 𝑝
𝑆𝑆்

𝑛 − 1

= 1 −
𝑛 − 1

𝑛 − 𝑝
1 − 𝑅ଶ

In general, 𝑅௔ௗ௝
ଶ will not always increase as variables 

are added to the model. 
In fact, if unnecessary terms are added, the value of 
𝑅௔ௗ௝

ଶ will often decrease.

𝑅ଶ =
𝑆𝑆ோ

𝑆𝑆்
= 1 −

𝑆𝑆ா

𝑆𝑆்

Measures the amount of 
reduction in the variability of 𝑦
obtained by using the regressor 
variables 𝑥ଵ and 𝑥ଶ in the model.

𝑅ଶ vs 𝑅௔ௗ௝
ଶ not a dramatic difference.



Fitting Regression Models: Test for Significance of Regression
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However, a large value of 𝑅ଶ does not necessarily 
imply that the regression model is a good one. 

Adding a variable to the model will always increase 
𝑅ଶ, regardless of whether the additional variable is 
statistically significant or not. 

Thus, it is possible for models that have large values 
of 𝑅ଶ to yield poor predictions of new observations or 
estimates of the mean response.

Therefore, we prefer to use an adjusted statistic

𝑅௔ௗ௝
ଶ = 1 −

𝑆𝑆ா

𝑛 − 𝑝
𝑆𝑆்

𝑛 − 1

= 1 −
𝑛 − 1

𝑛 − 𝑝
1 − 𝑅ଶ

𝑅ଶ =
𝑆𝑆ோ

𝑆𝑆்
= 1 −

𝑆𝑆ா

𝑆𝑆்

Measures the amount of 
reduction in the variability of 𝑦
obtained by using the regressor 
variables 𝑥ଵ and 𝑥ଶ in the model.

When 𝑅ଶ and 𝑅௔ௗ௝
ଶ differ dramatically, there is a good 

chance that nonsignificant terms have been included 
in the model.



Fitting Regression Models: Tests on Individual Regression Coefficients and Groups of Coefficients
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We are frequently interested in testing hypotheses on the individual regression coefficients.

Such tests would be useful in determining the value of each regressor variable in the regression model. 

For example, the model might be more effective with the inclusion of additional variables or perhaps with the 
deletion of one or more of the variables already in the model.

𝑆𝑆் = 𝑆𝑆ோ + 𝑆𝑆ா = ෍ 𝑦ො௜ − 𝑦ത ଶ

௡

௜ୀଵ

+ ෍ 𝑦௜ − 𝑦ො௜
ଶ

௡

௜ୀଵ

Adding a variable to the regression model always causes the sum of squares for regression to increase and the 
error sum of squares to decrease.

We must decide whether the increase in the 
regression sum of squares is sufficient to warrant 
using the additional variable in the model.

Furthermore, adding an unimportant variable to the 
model can actually increase the mean square error, 
thereby decreasing the usefulness of the model.

The hypotheses for testing 
the significance of any 
individual regression 
coefficient, for example 𝛽௝

𝐻଴: 𝛽௝ = 0

𝐻ଵ: 𝛽௝ ≠ 0
𝑥௝ can be deleted

𝑡଴ =
𝛽መ௝

𝑠𝑒 𝛽መ௝
~𝑡௡ି௞ିଵ

𝑡଴ ≤ 𝑡ఈ
ଶൗ ,௡ି௞ିଵ

Not 
Reject 𝐻଴



Fitting Regression Models: Tests on Individual Regression Coefficients and Groups of Coefficients
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A procedure can also be used to investigate 
the contribution of a subset of the regressor 
variables to the model



Fitting Regression Models: Confidence Intervals on the Individual Regression Coefficients

Fabio Stella Design of Experiments: A gentle introduction 16

It is often necessary to construct confidence interval estimates for the regression coefficients 𝛽௝ and for other 
quantities of interest from the regression model.

The development of a procedure for obtaining these confidence intervals requires that we assume the errors 𝜀௜

to be normally and independently distributed with mean zero and variance 𝜎ଶ.

𝛽መ௝଴ − 𝑡ഀ
మ⁄ ,௡ି௞ିଵ 𝑠𝑒 𝛽መ௝ ≤ 𝛽௝ ≤ 𝛽መ௝଴ + 𝑡ഀ

మ⁄ ,௡ି௞ିଵ 𝑠𝑒 𝛽መ௝



Fitting Regression Models: Regression Model Diagnostics
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Model adequacy checking is an important part of the data analysis procedure.

In general, it is always necessary to

1. examine the fitted model to ensure that it provides an adequate approximation to the true system and

2. verify that none of the least squares regression assumptions are violated.

The regression model will probably give poor or misleading results unless it is an adequate fit. A first diagnostic 
is given by residual plots.



Fitting Regression Models: Regression Model Diagnostics
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In addition to residual plots, other model diagnostics are frequently useful in regression.

Standardized and Studentized Residuals. Many model builders prefer to work with scaled residuals in 
contrast to the ordinary least squares residuals. These scaled residuals often convey more information than do 
the ordinary residuals.

 Standardized Residuals.

Most of the standardized residuals should lie in the interval −3 ≤ 𝑑௜ ≤ 3, and any observation with a 
standardized residual outside of this interval is potentially unusual with respect to its observed response.

These outliers should be carefully examined because they may represent something as simple as a data-
recording error or something of more serious concern, such as a region of the regressor variable space 
where the fitted model is a poor approximation to the true response surface.

 Studentized Residuals.

The studentized residuals have constant variance V(𝑟௜) = 1 regardless of the location of 𝐱௜ when the form 
of the model is correct.

In many situations the variance of the residuals stabilizes, particularly for large data sets, thus studentized
reisuals become extremly close to standardized residuals.



Fitting Regression Models: Regression Model Diagnostics
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 PRESS Residuals.

We fit the regression model to the remaining 𝑛 − 1 observations and use this equation to predict the 
withheld observation 𝑦௜.

Denoting this predicted value 𝑦௜, we may find the prediction error for point 𝑖 as 𝑒 𝑖 = 𝑦௜ − 𝑦௜ෝ . The 
prediction error is often called the 𝑖௧௛ PRESS residual.

This procedure is repeated for each observation 𝑖 = 1, … , 𝑛, producing a set of 𝑛 PRESS residuals 
𝑒 1  , 𝑒 2 ,…, 𝑒 𝑛 . 

Then the PRESS statistic is defined as the sum of squares of the 𝑛 PRESS residuals as in

Thus, PRESS uses each possible subset of 𝑛 − 1 observations as an estimation data set, and every 
observation in turn is used to form a prediction data set.



Fitting Regression Models: Regression Influence Diagnostics
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 Leverage Points.

The disposition of points in 𝑥 space is important in determining model properties. 

In particular, remote observations potentially have disproportionate leverage on the parameter estimates, 
predicted values, and the usual summary statistics.

Letting 𝑝 = 𝑟𝑎𝑛𝑘 𝐗 , when ℎ௜௜ >
ଶ௣

௡
the observation 𝑥௜ is a high-leverage point. 

2𝑝

𝑛
=

2(3)

16
= 0.375

no leverage points
in these data



Fitting Regression Models: Regression Influence Diagnostics

Fabio Stella Design of Experiments: A gentle introduction 21

 Influence on regression coefficients.

Cook (1977, 1979) has suggested using a measure of the squared distance 𝐷௜ between the least squares 
estimate based on all 𝑛 points 𝛽መ and the estimate obtained by deleting the 𝑖 point, say 𝛽መ 𝑖 .

That is, we usually consider observations for which 𝐷௜ > 1 to be influential.

there is no strong 
evidence of influential 
observations in these 
data



Fitting Regression Models: Testing for lack of fit
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Adding center points to a 2௞ factorial design allows the experimenter to obtain an estimate of pure 
experimental error. 

This allows the partitioning of the residual sum of squares 𝑆𝑆ா into two components;

We may give a general development of this partitioning in the context of a regression model. 

Suppose that we have 𝑛௜ observations on the response at the 𝑖௧௛ level of the regressors 𝐱௜, 𝑖 = 1, … , 𝑚. 

Let 𝑦௜௝ denote the 𝑗௧௛ observation on the response at 𝐱௜, 𝑖 = 1, … , 𝑚 and 𝑗 = 1, … , 𝑛௜. 

There are 𝑛 = ∑ 𝑛௜
௠
௜ୀଵ total observations.

We may write the 𝑖𝑗௧௛ residual as

where 𝑦ത௜ is the average of the 𝑛௜ observations at 𝐱௜.

sum of squares 
due to pure error

sum of squares 
due to lack of fit



Fitting Regression Models: Testing for lack of fit
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Squaring and summing over 𝑖 and 𝑗

sum of squares 
due to pure error

sum of squares 
due to lack of fit

If the fitted values 𝑦ො௜ are close to the corresponding average responses 𝑦ത௜, then there is a strong indication that
the regression function is linear. 

If the 𝑦ො௜ deviate greatly from the 𝑦ത௜, then it is likely that the regression function is not linear.



Fitting Regression Models: Testing for lack of fit
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Squaring and summing over 𝑖 and 𝑗

sum of squares 
due to pure error

sum of squares 
due to lack of fit

> 𝐹ఈ,௠ି௣,௡ି௠

regression 
function is 
not linear



Fitting Regression Models: Testing for lack of fit
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Fitting Regression Models: Response surface
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Fitting Regression Models: Response surface
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Fitting Regression Models: Experiments with computer models
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Designed experiments can also be successfully applied to computer simulation models of physical systems. 

In such applications, the data from the experimental design is used to build a model of the system being 
modeled by the computer simulation—a metamodel—and optimization is carried out on the metamodel. 

The assumption is that if the computer simulation model is a faithful representation of the real system, then 
optimization of the model will result in adequate determination of the optimum conditions for the real system.

Generally, there are two types of simulation models, 

 Stochastic; the output responses are random variables. Often standard experimental design 
techniques can be applied to the output from a stochastic simulation model, although a number of 
specialized techniques have been developed. Sometimes polynomials of higher order than the usual 
quadratic response surface model are used.

 Deterministic; the output responses are not random variables. Deterministic simulation models are 
often used by engineers and scientists as computer-based design tools.



Fitting Regression Models: Experiments with computer models
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In recent years, various types of space-filling 
designs have been suggested for computer 
experiments.

Space-filling designs are often thought to be 
particularly appropriate for deterministic computer 
models because in general they spread the design 
points out nearly evenly or uniformly (in some 
sense) throughout the region of experimentation.

This is a desirable feature if the experimenter doesn’t 
know the form of the model that is required, and 
believes that interesting phenomena are likely to be 
found in different regions of the experimental space.

Furthermore, most space-filling designs do not 
contain any replicate runs. 

For a deterministic computer model this is 
desirable, because a single run of the computer 
model at a design point provides all of the 
information about the response at that point.



Fitting Regression Models: Experiments with computer models

Fabio Stella Design of Experiments: A gentle introduction 30

A Latin hypercube in 𝑛 runs for 𝑘 factors in an 𝑛 × 𝑘
matrix where each column is a random permutation 
of the levels 1, 2, … , 𝑛.



Fitting Regression Models: Experiments with computer models
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